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 This scholarly investigation is dedicated to scrutinizing the entropy 

distinctions inherent in the arithmetic operations involving pairs of Triangular 

Fuzzy Numbers (TFNs), concurrently delving into the intricate relationships 

between these TFNs. An additional objective is to address gaps in the 

exploration of Wang and Chiu [7]. Fourteen theorems categorically articulate 

the entropy variations arising from diverse arithmetic operations on two TFNs, 

accompanied by corresponding illustrative examples that rigorously 

substantiate the theoretical framework. A noteworthy revelation of this study 

is the observed escalation in the degrees of fuzziness following arithmetic 

operations. 
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1. INTRODUCTION  

In the past, researchers have used myriads of methods to measure the fuzziness of fuzzy sets. Kaufmann 

[3] denoted the fuzziness of a fuzzy set by calculating the distance between the fuzzy set and its nearest non-

fuzzy set. De Luca et al. [6] proposed using entropy to describe the fuzziness of a fuzzy set. Indeed, there are 

plenty more papers which discuss the entropy of fuzzy sets [1, 2,7]. Pedrycz [5] used the fuzzy set with a 

triangular membership function to demonstrate the entropy change when the interval size of the universal set 

is changed. Wang and Chiu [7] extended the results of Pedrycz’s findings to any type of fuzzy sets. 

What are the changes in the entropies of fuzzy numbers after arithmetic operations? Wang and Chiu [7] 

put a set of triangular fuzzy numbers (TFNs) through arithmetic operations which include addition, subtraction, 

and multiplication. Wang and Chiu’s important finding was that the fuzziness increases if several fuzzy sets 

go through the addition and subtraction operations. Wang and Chiu focused on the calculation of the entropy 

of two fuzzy sets, but they ignored the relationship between the entropies of any linear combination of two 

fuzzy sets. In this paper, we employ a complete proven processes to introduce the entropy differences of 

triangular fuzzy numbers with arithmetic operations. These operations prove, for example: whether a positive 

or negative linear relationship exists between TFNs, a positive linear relationship always exists between their 

https://journal.gpp.or.id/index.php/fms
https://creativecommons.org/licenses/by-sa/4.0/
mailto:svahaking@gmail.com
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entropies; regardless of if the TFNS are multiplied by positive or negative real numbers, the entropy is always 

positive, etc. 

This paper contains five sections. In Section 2, the fuzzy sets and the properties of entropy are introduced. 

In Section 3, we probe the entropy differences of triangular fuzzy numbers with arithmetic operations and 

prove fourteen theorems. In Section 4, several examples are given to illustrate the theorems. Finally, Section 5 

briefly summarizes our conclusions. 

 

2. ENTROPY AND FUZZY SETS 

2.1 The properties of entropy 

Suppose
~
A is a fuzzy set and is defined in a universal set U , where U is finite and real. The membership 

function value of x  in fuzzy set
~
A  for x U is represented as

~
( )A x  and

~
( ) : [0,1]A x x → . The 

measurement of fuzziness of the fuzzy set
~
A is denoted as

~
( )H A and it holds the following properties (de Luca 

and Termini, 1972 [6]; Zimmermann, 1996 [8]): 

1. 
~

( )=0H A , if
~
A is a crisp set in U . 

2. If
~
( ) 1 2,A x x U=   , then

~
( )H A has a unique maximum. 

3. For two fuzzy sets
~
A and , if

~ ~
( ) ( )B x A x for

~
( ) 1 2A x  and 

~ ~
( ) ( )B x A x  for

~
( ) 1 2A x 

then
~ ~

( ) ( )H A H B . 

4. 
~ ~

( ) ( )CH A H A= , where
~

( )CA x is the standard complement of
~
( )A x , that is, 

~ ~
( ) 1 ( )CA x A x= −

. 

The researchers use the integration of the following equation to calculate the global entropy measure of the 

fuzzy set
~
A independent of x  over the universal set U  [5]. 

~ ~
( ) ( ( )) ( )

x X

H A h A x p x dx


=   (2.1) 

where ( )p x is the probability density function of the available data in U , 
~

( ( ))h A x is the entropy function, 

( ) :[0,1] [0,1]h x →  is monotonically increasing in  10,
2  and monotonically decreasing in 1 ,1

2 , ( ) 0h x =

, as 0x =  and 1x = ; ( ) 1h x = , as 1 2x = . The following equations are the well-known entropy functions 

used to measure the fuzziness of 
~

( )H A  which can be regarded as an “entropy” of a fuzzy set
~
( )A x :  

 

 

0, 1
2

1 ,1
2

2

2(1 )
( )

x if x

x if x
h x



− 


= 


 (2.2) 

( ) 4 (1 )h x x x= −  (2.3) 

and 

( ) ln (1 ) ln(1 )h x x x x x= −  − −  −  (2.4) 

where Eq.(2.4) is called Shannon’s function [8]. 

 

2.2 Definitions of fuzzy sets 

Definition 1. The Triangular Fuzzy Number (TFN)
~
A is denoted by a triplet

1 2 3( , , )a a a , it is usual to represent 

this TFN as 
1 2 3

~
( , , )A a a a= . The membership function can be defined as follows [4, 8]: 

 

 

 

 

 

 

~
B
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Figure 2.1: Triangular Fuzzy Number (TFN) 
1 2 3

~
( , , )A a a a=  

 

1 3

1
1 2

2 1

3
2 3

3 2

~

0 , ,

,
( )

,

A

x a a x

x a
a x a

a ax

a x
a x a

a a



 


−
  

−= 
 −
  

−

 (2.5) 

where ~( )
A

x is the degree of membership or the membership function value of x in fuzzy set
~
A , U  and

~( )
A

x represent a universal set and membership function, respectively. In the expression below ~( )
A

x and 
fuzzy set

~
A have the form: ~( ) : [0,1]

A
x U → . 

 

Definition 2. Two TFNs 
~
A  and

~
B are defined as

1 2 3

~
( , , )A a a a=  and 

1 2 3

~
( , , )B b b b= , so [4] 

(i) Addition: 

1 2 3 1 2 3 1 1 2 2 3 3

~ ~
( , , ) ( , , ) ( , , )A B a a a b b b a b a b a b =  = + + +  

(ii) Subtraction: 

1 2 3 1 2 3 1 3 2 2 3 1

~ ~
( , , ) ( , , ) ( , , )A B a a a b b b a b a b a b− = − = − − −  

(iii) Multiplication: 

(1) 
1 2 3

~
( , , )n A na na na n N=      N : denotes a natural number 

(2) 
3 2 1

~
( , , ) , 0m A ma ma ma m I m=     I : denotes an integer 

(3) 
1 2 3

~
( , , ) , 0r A ra ra ra r R r=     R : denotes a real number 

(4) 
3 2 1

~
( , , ) , 0s A sa sa sa s R s=    

~
n A ,

~
m A ,

~
r A , and 

~
s A  are triangular fuzzy numbers. 

(iv) 
~
A
−

is the image of triangular fuzzy number
~
A , defined as: 

3 2 1

~ ~
( ) ( , , )A A a a a

−
= − = − − −  

The results are still triangular fuzzy numbers through the arithmetic operations of addition to, subtraction 

from and multiplication by two triangular fuzzy numbers. 

 

3. The entropy differences on TFNs through arithmetic operations 

We will discuss and prove the entropy differences of triangular fuzzy numbers (TFNs) through arithmetic 

operations employing Eq.(2.3) above in this section. According to Definition 2, the result of putting two TFNs 

through arithmetic operations is always a TFN. 
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Suppose that we have two triangular fuzzy numbers
~
A and

~
B , briefly indicated as

1 2 3

~
( , , )A a a a= and

1 2 3

~
( , , )B b b b= , respectively. Their membership functions are shown below: 

1 3

1
1 2

2 1

3
2 3

3 2

~

0 , ,

,
( )

,

A

x a a x

x a
a x a

a ax

a x
a x a

a a



 


−
  

−= 
 −
  

−

 (3.1) 

1 3

1
1 2

2 1

3
2 3

3 2

~

0 , ,

,
( )

,

B

x b b x

x b
b x b

b bx

b x
b x b

b b



 


−
  

−= 
 −
  

−

 (3.2) 

 

Theorem 1.  For two TFNs
~
A and

~
B , expressed as 

1 2 3

~
( , , )A a a a=  and 

1 2 3

~
( , , )B b b b= , supposing ( )p x s= , 

where s is a constant, then the relationship of the entropy of 
~
A and

~
B has : 

~ ~
( ) ( )H A kH B= , where 

3 1

3 1

a a
k

b b

−
=

−
. 

Proof.  Apply Eq.(2.3) to Eq.(3.1), we obtain, 

1 3

1 1
1 2

2 1 2 1

3 3
2 3

3 2 3 2

~

0 , ,

4 1 ,
( ( ))

4 1 ,

A

x a a x

x a x a
a x a

a a a ah x

a x a x
a x a

a a a a



 


  − − −    
− −=   


  − − −    

 − −  

 

Apply Eq.(2.1) to the above equation, and computing the entropy of TFN
~
A , the integration result is shown 

as, 

2 3

1 2

3 31 1

2 1 2 1 3 2 3 2

~
( ) 4 1 ( ) 4 1 ( )

a a

a a

a x a xx a x a
H A p x dx p x dx

a a a a a a a a

     − −− −
= − + −    

− − − −     
   

2 3

1 2

22

3 31 1

2 1 2 1 3 2 3 2

= 4 ( ) 4 ( )
a a

a a

a x a xx a x a
p x dx p x dx

a a a a a a a a

          − −− −
  − + −      

− − − −            
   

2

1

3

2

2

1 2 1 12

2 1

2

3 3 2 32

3 2

4
= ( )( ) ( ) ( )

( )

4
( )( ) ( ) ( )

( )

a

a

a

a

x a a a x a p x dx
a a

a x a a a x p x dx
a a

 − − − − −

 + − − − − −





 

2

1

3

2

2

1 2 1 22

2 1

2

3 2 3 22

3 2

4
( ) ( )

( )

4
( ) ( )

( )

a

a

a

a

x a a x a a p x dx
a a

x a a x a a p x dx
a a

 = − + + − −

 + − + + − −





 

32

1 2

23 2 3

3 21 2
1 2 3 22 2

2 1 3 2

( )4 ( ) 4

( ) 3 2 ( ) 3 2

aa

a a

a a xs x a a x s x
a a x a a x

a a a a

   +− + −
= + − + + −  

− −   

 

33

3 22 1

2 2

2 1 3 2

( )4 ( ) 4

( ) 6 ( ) 6

a as a a s

a a a a

   −−
= +   

− −   

 

3 22 1 2 ( )2 ( )

3 3

s a as a a −−
= +  
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3 12 ( )

3

s a a−
=  

Hence, 

3 1
~ 2 ( )

( )
3

s a a
H A

−
=  (3.3) 

Using the same method to integrate the entropy of
~

B , the result is,  

3 1
~ 2 ( )

( )
3

s b b
H B

−
=  (3.4) 

Combining the above two equations, we obtain 3 1

3 1

~

~
( )

( )

H A a a

b bH B

−
=

−

, which is the ratio value of two TFNs on the 

“base width”. We use k instead of the ratio value, so the entropy of two TFNs
~
A and

~
B can be expressed as,

~ ~
( ) ( )H A kH B= , where 3 1

3 1

a a
k

b b

−
=

−
. 

Lemma 1.  The two TFNs
~
A and

~
B have the “base widths” 

3 1a a−  and 
3 1b b− , respectively. If they have 

the same “base width”, then their entropies are equal. That is, 
3 1 3 1a a b b− = −  ( 1k = ), then 

~ ~
( ) ( )H A H B=

. 

 

Theorem 2.  Supposing 
~ ~ ~

C A B= + , 
~
C  being a TFN, then the entropy of 

~
C  is the summation of the entropies 

of 
~
A and

~
B . That is,

~ ~ ~ ~ ~
( ) ( ) ( ) ( )H C H A B H A H B= + = + . 

Proof.  For 
~ ~ ~
( ) ( ) ( )C x A x B x= + , the membership function can be expressed as: 

1 1 3 3

1 1
1 1 2 2

2 2 1 1

3 3
2 2 3 3

3 3 2 2

~

0 , ,

( )
,

( ) ( )( )

( )
,

( ) ( )

C

x a b a b x

x a b
a b x a b

a b a bx

a b x
a b x a b

a b a b



 + + 


− +
 +   +

+ − += 
 + −
 +   +

+ − +

 

Apply Eq.(2.3) to the above equation, we obtain, 

 

1 1 3 3

1 1 1 1
1 1 2 2

2 2 1 1 2 2 1 1

3 3 3 3
2 2 3 3

3 3 2 2 3 3 2 2

~

0 , ,

( ) ( )
4 1 ,

( ) ( ) ( ) ( )( ( ))

( ) ( )
4 1 ,

( ) ( ) ( ) ( )

C

x a b a b x

x a b x a b
a b x a b

a b a b a b a bh x

a b x a b x
a b x a b

a b a b a b a b



 + + 


  − + − + − +   +  
+ − + + − +=   


  + − + − − +   +  

 + − + + − +  

 

Apply Eq.(2.1) to the above equation, and computing the entropy of TFN 
~
C , the integration result is shown 

as, 

 

 

2 2

1 1

3 3

2 2

2

1 1 2 2 1 1 2 2

2

2 2 1 1

2

3 3 2 2 3 3 2 2

2

3 3 2 2

~ 4 (( ) ( )) ( )( )
( ) ( )

( ) ( )

4 (( ) ( )) ( )( )
( )

( ) ( )

a b

a b

a b

a b

x a b a b x a b a b
H C p x dx

a b a b

x a b a b x a b a b
p x dx

a b a b

+

+

+

+

 − + + + + − + + =
+ − +

 − + + + + − + + +
+ − +





 

 

( )

 

( )
3 3

2 2 1 1 3 3 2 2

2 2

2 2 1 1 3 3 2 2

( ) ( ) ( ) ( )4 4

6 6( ) ( ) ( ) ( )

a b a b a b a bs s

a b a b a b a b

   + − + + − +
= +   

+ − + + − +      

 

   2 2 1 1 3 3 2 22 ( ) ( ) 2 ( ) ( )

3 3

s a b a b s a b a b+ − + + − +
= +  

Hence, 3 1 3 1
~ ~ ~2 ( ) 2 ( )

( ) ( ) ( )
3 3

s a a s b b
H C H A H B

− −
= + = +         
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Theorem 3.  Supposing
~ ~ ~

C A B= − , 
~
C being a TFN, then the entropy of 

~
C is the summation of the entropies 

of 
~
A and

~
B . That is, . 

Proof.  For , the membership function can be expressed as: 

1 3 3 1

1 3
1 3 2 2

2 2 1 3

3 1
2 2 3 1

3 1 2 2

~

0 , ,

( )
,

( ) ( )( )

( )
,

( ) ( )

C

x a b a b x

x a b
a b x a b

a b a bx

a b x
a b x a b

a b a b



 − − 


− −
 −   −

− − −= 
 − −
 −   −

− − −

 

Apply Eq.(2.3) to the above equation, we obtain, 

1 3 3 1

1 3 1 3
1 3 2 2

2 2 1 3 2 2 1 3

3 1 3 1
2 2 3 1

3 1 2 2 3 1 2 2

~

0 , ,

( ) ( )
4 1 ,

( ) ( ) ( ) ( )( ( ))

( ) ( )
4 1 ,

( ) ( ) ( ) ( )

C

x a b a b x

x a b x a b
a b x a b

a b a b a b a bh x

a b x a b x
a b x a b

a b a b a b a b



 − − 


  − − − − − −   −  
− − − − − −=    


  − − − − − −   −  

 − − − − − −  

 

Apply Eq.(2.1) to the above equation, and computing the entropy of TFN 
~
C , the integration result is shown 

as, 

 

 

2 2

1 3

3 1

2 2

2

2 2 1 3 1 3 2 2

2

2 2 1 3

2

3 1 2 2 3 1 2 2

2

3 1 2 2

~ 4 (( ) ( )) ( )( )
( ) ( )

( ) ( )

4 (( ) ( )) ( )( )
( )

( ) ( )

a b

a b

a b

a b

x a b a b x a b a b
H C p x dx

a b a b

x a b a b x a b a b
p x dx

a b a b

−

−

−

−

 − + − + − − − − =
− − −

 − + − + − − − − +
− − −





 

   2 2 1 3 3 1 2 22 ( ) ( ) 2 ( ) ( )

3 3

s a b a b s a b a b− − − − − −
= +  

Hence, 3 1 3 1
~ ~ ~2 ( ) 2 ( )

( ) ( ) ( )
3 3

s a a s b b
H C H A H B

− −
= + = +         

 

Theorem 4.  Supposing , 
~
C being a TFN, then the entropy of 

~
C  is twice the entropy of . That is, 

. 

Proof.  For , the membership function can be expressed as, 

1 3

1
1 2

2 1

3
2 3

3 2

~

0 , 2 , 2

2
, 2 2

2 2( )

2
, 2 2

2 2

C

x a a x

x a
a x a

a ax

a x
a x a

a a



 


−
  

−= 
 −
  

−

 

Apply Eq.(2.3) to the above equation, we obtain, 

1 3

1 1
1 2

2 1 2 1

3 3
2 3

3 2 3 2

~

0 , 2 ,2

2 2
4 1 , 2 2

2 2 2 2( ( ))

2 2
4 1 , 2 2

2 2 2 2

C

x a a x

x a x a
a x a

a a a ah x

a x a x
a x a

a a a a



 


  − − −    
− −=   


  − − −    

 − −  

 

Apply Eq.(2.1) to the above equation, and computing the entropy of TFN 
~
C , the integration result is shown 

as, 

 

~ ~ ~ ~ ~
( ) ( ) ( ) ( )H C H A B H A H B= − = +

~ ~ ~
( ) ( ) ( )C x A x B x= −

~ ~
2C A=

~
A

~ ~ ~
( ) (2 ) 2 ( )H C H A H A= =

~ ~
( ) 2 ( )C x A x=

   

2 3

1 2

2 2
2 21 2 1 2 3 2 3 2

2 22 2
2 1 3 2

~ 4 (2 2 ) 4 4 (2 2 ) 4
( ) ( ) ( )

2 2 2 2

a a

a a

x a a x a a x a a x a a
H C p x dx p x dx

a a a a

   − + + − − + + −   
= +

− −
 
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3 22 1
4 ( )4 ( )

3 3

s a as a a −−
= +  

Hence, 3 2 3 12 1
~ ~4 ( ) 2 ( )4 ( )

( ) 2 2 ( )
3 3 3

s a a s a as a a
H C H A

− −−
= + =  =         

 

Remark 1.  If the “base width” of the TFN is twice the “base width” of 
~
A , then the entropy of 

~
C  is 

twice the entropy of 
~
A . 

 

Theorem 5.  Supposing , 
~
C being a TFN, then the entropy of 

~
C  is twice the entropy of 

~
A . That 

is, . 

Proof.  For 
~ ~
( ) 2 ( )C x A x= − , the membership function can be expressed as, 

3 1

3
3 2

3 2

1
2 1

2 1

~

0 , 2 , 2

2
, 2 2

2 2( )

2
, 2 2

2 2

C

x a a x

x a
a x a

a ax

a x
a x a

a a



 − − 


+
 −   −

−= 
 − −
 −   −

−

 

Apply Eq.(2.3) to the above equation, we obtain, 

3 1

3 3
3 2

3 2 3 2

1 1
2 1

2 1 2 1

~

0 , 2 , 2

2 2
4 1 , 2 2

2 2 2 2( ( ))

2 2
4 1 , 2 2

2 2 2 2

C

x a a x

x a x a
a x a

a a a ah x

a x a x
a x a

a a a a



 − − 


  + + − −   −  
− −=    


  − − − − − −   −   − −  

 

Apply Eq.(2.1) to the above equation, and computing the entropy of TFN 
~
C , the integration result is shown 

as, 

2 1

3 2

2 2
2 23 2 3 2 1 2 1 2

2 22 2
3 2 2 1

~ 4 (2 2 ) 4 4 (2 2 ) 4
( ) ( ) ( )

(2 2 ) (2 2 )

a a

a a

x a a x a a x a a x a a
H C p x dx p x dx

a a a a

− −

− −

   − − + − − − + −   = +
− −   

( )3 2 3 12 1
~2 2 2 2 ( )2 (2 2 )

2 2 ( )
3 3 3

s a a s a as a a
H A

− −−
= + =  =  

Hence,         

 

Theorem 6.  Supposing 
~
A
−

 is the image of TFN 
~
A , then the entropies of 

~
A
−

 and 
~
A  are the same. That 

is, 
~ ~ ~

( ) ( ) ( )H A H A H A
−

= − = . 

Proof.  For 
~ ~

( ) ( )A x A x
−

= − , the membership function can be expressed as, 

~

3 1

3
3 2

3 2

1
2 1

2 1

0 , ,

,
( )

,

A

x a a x

x a
a x a

a ax

a x
a x a

a a

 −

 − − 


+
 −   −

−= 
− −
 −   −

−

 

Apply Eq.(2.3) to the above equation, we obtain, 

~

3 1

3 3
3 2

3 2 3 2

1 1
2 1

2 1 2 1

0 , ,

4 1 ,
( ( ))

4 1 ,

A

x a a x

x a x a
a x a

a a a ah x

a x a x
a x a

a a a a

 −

 − − 


  + + − −   −  
− −=    


  − − − − − −   −   − −  

 

~
C

~ ~
2C A= −

~ ~ ~
( ) ( 2 ) 2 ( )H C H A H A= − =

~ ~ ~
( ) ( 2 ) 2 ( )H C H A H A= − =
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Apply Eq.(2.1) to the above equation, and computing the entropy of TFN 
~
A
−

, the integration result is shown 

as, 

2 1

3 2

2 2

3 2 3 2 1 2 1 2

2 2

3 2 2 1

~ 4 ( ) 4 ( )
( ) ( ) ( )

( ) ( )

a a

a a

x a a x a a x a a x a a
H A p x dx p x dx

a a a a

− −

− −

−    − − + − − − + −   = +
− − 

3 3

3 2 3 22 1 2 1

2 2

3 2 2 1

3 1

( ) 2 ( )4 4 ( ) 2 ( )

( ) 6 ( ) 6 3 3

2 ( )

3

a a s a as s a a s a a

a a a a

s a a

   − −− −
= + = +   

− −   

−
=

 

Hence, 
~ ~ ~

( ) ( ) ( )H A H A H A
−

= − =         

 

Theorem 7.  Supposing 
~ ~

,C n A n N=  , 
~
C being a TFN, then the entropy of 

~
C  is n  times the entropy of 

~
A

. That is, 
~ ~ ~

( ) ( ) ( )H C H n A nH A= = . 

Proof.  3 12 ( )
(*) ,

3

s a a
H n n N

−
=   . 

1n = , 3 1
~2 ( )

(*) ( )
3

s a a
H H A

−
= = , is established. Suppose n k=  is established, 

3 1
~2 ( )

(*) ( )
3

s a a
H k kH A

−
= = .  

Then when 1n k= + , 3 1 3 1 3 1
~ ~2 ( ) 2 ( ) 2 ( )

(*) ( 1) ( ) ( ) ( )
3 3 3

s a a s a a s a a
H k k k H A H A

− − −
= + = + = +  is 

established. By using mathematical induction, we can prove that when 
~ ~

,C n A n N=  , then 

~ ~
( ) ( )H C nH A=  is established. 

 

Remark 2.  If the “base width” of the TFN 
~
C  is ( )n n N  times the “base width” of the TFN 

~
A , then 

the entropy of 
~
C  is n times the entropy of 

~
A . 

 

Theorem 8.  Supposing 
~ ~

,C n A n N= −  , 
~
C being a TFN, then the entropy of 

~
C  is n  times the entropy of 

~
A . That is, 

~ ~ ~
( ) ( ) ( )H C H n A nH A= − = . 

Proof.  For 
~ ~
( ) ( )C x n A x= − , the membership function can be expressed as,  

3 1

3
3 2

3 2

1
2 1

2 1

~

0 , ,

,
( )

,

C

x na na x

x na
na x na

na nax

na x
na x na

na na



 − − 


+
 −   −

−= 
 − −
 −   −

−

 

Apply Eq.(2.3) to the above equation, we obtain, 

3 1

3 3
3 2

3 2 3 2

1 1
2 1

2 1 2 1

~

0 , ,

4 1 ,
( ( ))

4 1 ,

C

x na na x

x na x na
na x na

na na na nah x

na x na x
na x na

na na na na



 − − 


  + + − −   −  
− −=    


  − − − − − −   −   − −  

 

Apply Eq.(2.1) to the above equation, and computing the entropy of TFN 
~
C , the integration result is shown 

as, 
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2 1

3 2

2 2 2 2

3 2 3 2 1 2 1 2

2 2

3 2 2 1

~ 4 ( ) 4 ( )
( ) ( ) ( )

( ) ( )

na na

na na

x na na x n a a x na na x n a a
H C p x dx p x dx

na na na na

− −

− −

   − − + − − − + −   = +
− −   

3 2 3 12 1
~2 ( ) 2 ( )2 ( )

( )
3 3 3

s na na s a as na na
n nH A

− −−
= + =  =  

Hence, 
~ ~ ~

( ) ( ) ( )H C H n A nH A= − =          

 

Remark 3.  Combining Theorem 7 and Theorem 8, the result is for any integer ,m m I , 
~ ~
C m A= , then the 

following relationship is always true, . 

 

Theorem 9.  Supposing , 
~
C  being a TFN, then the entropy of 

~
C  is the average of the 

summation of and . That is, 
~ ~

~ ~ ~ ( ) ( )
( ) ( ) 2

2

H A H B
H C H A B

+ 
= + = 

 

. 

Proof.  From Eqs. (3.3) and (3.4) we know that 3 1
~ 2 ( )

( )
3

s a a
H A

−
=  and 3 1

~ 2 ( )
( )

3

s b b
H B

−
= , then 

 3 3 1 1
3 1 3 1

~ 2 2 1
( ) ( ) ( )

3 2 2 3 2

a bs a b s
H C a a b b

+ + 
= − =  − + − 

 

 

3 1 3 1

~ ~
2 ( ) 2 ( )1 ( ) ( )

2 3 3 2

s a a s b b H A H B− − + 
=  + = 

 

        

 

Theorem 10.  Supposing  and 
1 2

~ ~ ~
, ,..., nA A A  are TFNs, where ( )1 2 3

~
,  ,  i i i

iA a a a= , 1,2,...,i n= , 
~
C  

also being a TFN, then 

1 1

~ ~ ~1 1
( ) ( )

n n

i i

i i

H C H A H A
n n= =

 
= = 

 
  , where 2n  , n N . 

Proof.  From Eqs. (3.3) and (3.4) we know that ( )3 1~ 2
( )

3

i i

i

s a a
H A

−
= , 1,2,...,i n= , i N , then 

1 2 1 2

3 3 3 1 1 1
~ ...2 ...

( )
3

n na a as a a a
H C

n n

 + + + + + +
= − 

 
 

( ) ( ) ( )
( ) ( ) ( )1 1 2 2

3 1 3 1 3 11 1 2 2

3 1 3 1 3 1

2 2 22 1 1
... ...

3 3 3 3

n n

n n
s a a s a a s a as

a a a a a a
n n

 − − −
   =  − + − + + − =  + + +
 

  

 

1 2

1

~ ~ ~ ~1 1
( ) ( ) ... ( ) ( )

n

n i

i

H A H A H A H A
n n =

 
=  + + + =  

         

 

Theorem 11.  Supposing 

1

~ ~n

i

i

C A
=

=  and 
1 2

~ ~ ~
, ,..., nA A A  are TFNs, 

~
C  also being a TFN, then the entropy of 

~
C  

is the summation of entropy of each triangular fuzzy number. That is, 

1 1

~ ~ ~
( ) ( )

n n

i i

i i

H C H A H A
= =

 
= = 

 
  , 2n  , 

n N . 

Proof.  From Theorem 2 we know that if 
1 2

~ ~ ~
C A A= + , then 

1 2

~ ~ ~
( ) ( ) ( )H C H A H A= + . Hence, it can be written as 

1 2 1 2

~ ~~ ~ ~ ~
( ) ( ) ( )k k k kC A A H C H A H A+ + + += +  = +  (B) 

where 0k  , k N . This theorem proves that  

2n = , 
1 2 1 2

~ ~ ~ ~ ~ ~
( ) ( ) ( )C A A H C H A H A= +  = +  holds. 

Supposing n k=  holds, then  

1 2

~ ~ ~ ~
... kC A A A= + + +  1 2

~ ~ ~ ~
( ) ( ) ( ) ... ( )kH C H A H A H A= + + +  (A) 

~ ~ ~
( ) ( ) ( )H C H m A m H A= =

~ ~ ~
( ) 2C A B= +

~
A

~
B

1

~ ~1 n

i

i

C A
n =

= 
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when 2n k= + , then 
1 2 1 2

~ ~ ~ ~ ~ ~
... k k kC A A A A A+ += + + + + + . 

From formulas (A) and (B) 

1 2 1 2

~ ~ ~ ~ ~ ~
( ) ( ) ( ) ... ( ) ( ) ( )n k kH C H A H A H A H A H A+ + = + + + + +  

2n k = + , it still holds. Hence, this theorem is true. 

 

Theorem 12.  Suppose , , and  are three TFNs, and they exit the linear relation as follows: 

~ ~ ~
C n A m B= + ,  ,n m I . The entropies of 

~
C ,

~
A , and  exit the relation as: 

. 

Proof.  We set  and 
2

~ ~
C m B= . From Theorems 7 and 8, we know that 

, 
2

~ ~
( ) ( )H C m H B=  (A) 

We set 
1 2

~ ~ ~
C C C= + . From Theorem 2 we know that 

1 2

~ ~ ~
( ) ( ) ( )H C H C H C= +  (B) 

From formulas (A) and (B), we obtain 
~ ~ ~

( ) ( ) ( )H C n H A m H B= +         

Hence, the theorem is true. 

 

Theorem 13.  Supposing 
~ ~

,C r A r R=  ,  being a triangular fuzzy number, then 

~ ~ ~
( ) ( ) ( )H C H r A r H A= = . 

Proof.  When r 0³ , 
~ ~
( ) ( )C x r A x= , then  

1 3

1
1 2

2 1

3
2 3

3 2

~

0 , ,

,
( )

,

C

x ra ra x

x ra
ra x ra

ra rax

ra x
ra x ra

ra ra



 


−
  

−= 
 −
  

−

 

Apply Eq.(2.3) to the above equation, we obtain, 

1 3

1 1
1 2

2 1 2 1

3 3
2 3

3 2 3 2

~

0 , ,

4 1 ,
( ( ))

4 1 ,

C

x ra ra x

x ra x ra
ra x ra

ra ra ra rah x

ra x ra x
ra x ra

ra ra ra ra



 


  − − −    
− −=   


  − − −    

 − −  

 

Apply Eq.(2.1) to the above equation, and computing the entropy of TFN 
~
C , the integration result is shown 

as, 

2

1

3

2

2

1 2 1 2

2

2 1

2

3 2 3 2 3 22 1

2

3 2

~ 4 ( ) ( ) ( )
( ) ( )

( )

4 ( ) ( ) ( ) 2 ( )2 ( )
( )

( ) 3 3

ra

ra

ra

ra

x ra ra x ra ra
H C p x dx

ra ra

x ra ra x ra ra rs a ars a a
p x dx

ra ra

 − + + −  =
−

 − + + −  −− + = +
−





 

Hence, 
( ) ( ) ( )2 1 3 2 3 1~ ~2 2 2

( ) ( )
3 3 3

rs a a rs a a s a a
H C r rH A

− − −
= + =  =  

When 0r< , 
~ ~ ~

( ) ( ) ( )H C H r A r H A= =  still holds. Hence, this theorem is true. 

 

~
C

~
A

~
B

~
B

~ ~ ~ ~ ~
( ) ( ) ( ) ( )H C H n A m B n H A m H B= + = +

1

~ ~
C n A=

1

~ ~
( ) ( )H C n H A=

~
C
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1 

 -1   0          3       6        x 

1 

      0       2              7        x 

 0   1           5               9        x 

1 

Theorem 14.  Suppose 
~
C , 

~
A , and 

~
B  are three TFNs, and they exit the linear relation as follows: 

~ ~ ~
, ,C r A s B r s R= +  . The entropies of 

~
C ,

~
A , and 

~
B  exit the relation as: 

~ ~ ~ ~ ~
( ) ( ) ( ) ( )H C H r A s B r H A s H B= + = + . 

Proof.  We set
1

~ ~
C r A= and

2

~ ~
C s B= . From Theorem 13, we know that 

1

~ ~
( ) ( )H C r H A= , 

2

~ ~
( ) ( )H C s H B=  (A) 

We set 
1 2

~ ~ ~
C C C= + . From Theorem 2 we know that 

1 2

~ ~ ~
( ) ( ) ( )H C H C H C= +  (B) 

From formulas (A) and (B), we obtain 
~ ~ ~

( ) ( ) ( )H C r H A s H B= +         

Hence, the theorem is true. 

 

 

4. Examples 

In this section, we use real numbers to illustrate the above theorems. Suppose that there are three triangular 

fuzzy numbers 
~
A ,

~
B  and

~
D  with real digits, briefly indicated as 

~
( 1,3,6)A = − ,

~
(0,2,7)B =  and

~
(1,5,9)D = , respectively. Their membership functions and figures are shown below: 

~

0 , 1, 6

( 1)
, 1 3

( ) 3 ( 1)

6
, 3 6

6 3

A

x x

x
x

x

x
x



 − 


− −
 −  

= − −


−
  
 −

 (4.1) 
~

0 , 0, 7

0
, 0 2

( ) 2 0

7
, 2 7

7 2

B

x x

x
x

x

x
x



 


−
  

=  −
 −
  

−

 (4.2) 

~

0 , 1, 9

1
, 1 5

( ) 5 1

9
, 5 9

9 5

D

x x

x
x

x

x
x



 


−
  

=  −
 −
  

−

 (4.3) 

 ~( )
A

x  ~( )
B

x  

 

  

  

  

 

 

 

 

 

 

~( )
D

x  

 

 

 

 

 

 

 

 

 

Figure 4.1: Three TFNs 
~
A ,

~
B  and

~
D  with real digits 
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Example 1.  Suppose there are two TFNs
~
A  and

~
D  whose membership functions are expressed as Eqs.(4.1) 

and (4.3), respectively. Thus, the following relationship holds: ~ ~7
( ) ( )

8
H A H D= . 

Sol.  Apply Eqs. (2.3) and (2.1) to Eqs. (4.1) and (4.3), respectively, the integration result is shown as: 
3 6

1 3

~ 1 1 6 6
( ) 4 1 ( ) 4 1 ( )

4 4 3 3

x x x x
H A p x dx p x dx

−

+ + − −   
=   − +   −   

   
   

2 2
3 6

2 21 3

4 (( 1) 3) ( 1) 3 4 (6 3) 6 3
( ) ( )

(3 ( 1)) (6 3)

x x x x
p x dx p x dx

−

   − + − + − −  − + + −    = +
− − −   

3 6

1 3

4 143 2 3 2

4 9 3

1 1 9
3 18

3 3 2

s s
sx x x x x x

−

= + =
   
− + + − + −   
   

 (4.4) 

5 9

1 5

~ 1 1 9 9
( ) 4 1 ( ) 4 1 ( )

4 4 4 4

x x x x
H D p x dx p x dx

− − − −   
=   − +   −   

   
   

2 2
5 9

2 21 5

4 (1 5) 1 5 4 (9 5) 9 5
( ) ( )

(5 1) (9 5)

x x x x
p x dx p x dx

   − + + −  − + + −    = +
− −   

5 9

1 5

163 2 3 2

4 4 3

1 1
3 5 7 45

3 3

s s
sx x x x x x= + =

   
− + − − + −   
   

 (4.5) 

~

~

( ) (14 3) 7
 

(16 3) 8( )

H A s

sH D

 = = , the result is the ratio value of two TFNs
~
A and

~
D on the “base width”. Thus, 

~ ~7
( ) ( )

8
H A H D= , where 7

8
k = .  Hence, Theorem 1 is true. 

 

Example 2.  Supposing TFNs
~
A and

~
B whose membership functions are expressed as Eqs.(4.1) and (4.2), and 

their “base widths” are equal, then 
~ ~

( ) ( )H A H B= . That is, they have the same entropy. 

Sol.  From Example 1 we know
~ 14

( )
3

H A s= . Now, Apply Eqs. (2.3) and (2.1) to Eqs. (4.1) and (4.2), 

respectively, the integration result is shown as: 
2 7

0 2

~ 7 7
( ) 4 1 ( ) 4 1 ( )

2 2 5 5

x x x x
H B p x dx p x dx

− −   
=   − +   −   

   
   

14

3
s=  (4.6) 

Therefore, the above shows that if two TFNs have the same “base width” (6 ( 1)) (7 0) 7− − = − = , then they 

have the same entropy value. Hence, Lemma 1 is true. 

 

Example 3.  Supposing TFN 
~
C  is the summation of TFNs 

~
A  and 

~
B , expressed as 

~ ~ ~
C A B= + , that is 

~
( 1,5,13)C = − , then

~ ~ ~
( ) ( ) ( )H C H A H B= + . 

Sol.  The membership function of TFN 
~
C  is expressed as:  

~

0 , 1, 13

( 1)
, 1 5

( ) 5 ( 1)

13
, 5 13

13 5

C

x x

x
x

x

x
x



 − 


− −
 −  

= − −


−
  
 −

 
The entropy of TFN

~
C  is calculated as the following:  
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5 13

1 5

~ 1 1 13 13 28
( ) 4 1 ( ) 4 1 ( )

6 6 8 8 3

x x x x
H C p x dx p x dx s

−

+ + − −   
=   − +   − =   

   
   

From Eqs.(4.4) and (4.6), we know 
~ ~ 28

( ) ( )
3

H A H B s+ = . 

Hence, 
~ ~ ~ ~ ~

( ) ( ) ( ) ( )H C H A B H A H B= + = + . Thus, Theorem 2 is true. 

 

Example 4.  Supposing TFN 
~
C  is the difference of TFNs 

~
A  and 

~
B , expressed as 

~ ~ ~
C A B= − , that is 

~
( 8,1,6)C = − , then 

~ ~ ~
( ) ( ) ( )H C H A H B= + . 

Sol.  The membership function of TFN 
~
C  can be expressed as:  

~

0 , 8, 6

( 8)
, 8 1

( ) 1 ( 8)

6
, 1 6

6 1

C

x x

x
x

x

x
x



 − 


− −
 −  

= − −


−
  
 −

 

The entropy of TFN 
~
C  is calculated as the following:  

1 6

8 1

~ 8 8 6 6 28
( ) 4 1 ( ) 4 1 ( )

9 9 5 5 3

x x x x
H C p x dx p x dx s

−

+ + − −   
=   − +   − =   

   
   

From Eqs.(4.4) and (4.6), we know 
~ ~ 28

( ) ( )
3

H A H B s+ = . 

Hence, 
~ ~ ~ ~ ~

( ) ( ) ( ) ( )H C H A B H A H B= − = + . Thus, Theorem 3 is true.  

 

Example 5.  Supposing TFN is twice TFN
~
A , expressed as , that is 

~
( 2,6,12)C = − , then 

~ ~ ~
( ) (2 ) 2 ( )H C H A H A= = .  

Sol.  The membership function of TFN  can be expressed as:  

~

0 , 2, 12

( 2)
, 2 6

( ) 6 ( 2)

12
, 6 12

12 6

C

x x

x
x

x

x
x



 − 


− −
 −  

= − −


−
  
 −

 

The entropy of TFN 
~
C  is calculated as the following:  

6 12

2 6

~ 2 2 12 12 28
( ) 4 1 ( ) 4 1 ( )

8 8 6 6 3

x x x x
H C p x dx p x dx s

−

+ + − −   
=   − +   − =   

   
   

From Eq.(4.4), we know
~

( ) 4H A s= . Hence,
~ ~ ~

( ) (2 ) 2 ( )H C H A H A= = . Thus, Theorem 4 is true.  

 

Example 6.  Supposing TFN equals negative two times TFN 
~
A , expressed as 

~ ~
2C A= − , that is 

~
( 12, 6,2)C = − − , then .  

Sol.  The membership function of TFN
~
C can be expressed as:  

~

0 , 10, 2

( 12)
, 12 6

( ) ( 6) ( 12)

2
, 6 2

2 ( 6)

C

x x

x
x

x

x
x



 − 


− −
 −   −

= − − −
 −
 −  

− −

 

 

~
C

~ ~
2C A=

~
C

~
C

~ ~ ~
( ) ( 2 ) 2 ( )H C H A H A= − =
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The entropy of TFN 
~
C  is calculated as the following:  

6 2

12 6

~ 12 12 2 2 28
( ) 4 1 ( ) 4 1 ( )

6 6 8 8 3

x x x x
H C p x dx p x dx s

−

− −

+ + − −   
=   − +   − =   

   
   

From Eq.(4.4), we know
~

( ) 4H A s= . Hence,
~ ~ ~

( ) ( 2 ) 2 ( )H C H A H A= − = . Thus, Theorem 5 is true.  

 

Example 7.  Supposing 
~
A
−

is the image of TFN
~
A , that is 

~
( 6, 3,1)A

−
= − − , then 

~ ~ ~
( ) ( ) ( )H A H A H A

−
= − = .  

Sol.  The membership function of 
~ ~

( ) ( )A x A x
−

= −  can be expressed as:  

~

0 , 6, 1

( 6)
, 6 3

( ) ( 3) ( 6)

1
, 3 1

1 ( 3)

A

x x

x
x

x

x
x

 −

 − 


− −
 −   −

= − − −
 −
 −  

− −

 

The entropy of TFN 
~
A
−

 is calculated as the following:  

3 1

6 3

~ 6 6 1 1 14
( ) 4 1 ( ) 4 1 ( )

3 3 4 4 3

x x x x
H A p x dx p x dx s

−

− −

− + + − −   
=   − +   − =   

   
   

From Eq.(4.4), we know
~ 14

( )
3

H A s= . Hence,
~ ~ ~

( ) ( ) ( )H A H A H A
−

= − = . Thus, Theorem 6 is true.  

 

Example 8.  Supposing TFN
~
C is five times TFN

~
A , expressed as

~ ~
5C A= , that is 

~
( 5,15,30)C = − , then 

~ ~ ~
( ) (5 ) 5 ( )H C H A H A= = .  

Sol.  The membership function of TFN
~
C can be expressed as:  

~

0 , 5, 30

( 5)
, 5 15

( ) 15 ( 5)

30
, 15 30

30 15

C

x x

x
x

x

x
x



 − 


− −
 −  

= − −


−
  
 −

 

The entropy of TFN 
~
C  is calculated as the following:  

15 30

5 15

~ 5 5 30 30 70 14
( ) 4 1 ( ) 4 1 ( ) 5

20 20 15 15 3 3

x x x x
H C p x dx p x dx s s

−

+ + − −   
=   − +   − = =    

   
   

From Eq.(4.4), we know
~ 14

( )
3

H A s= . Hence,
~ ~ ~

( ) (5 ) 5 ( )H C H A H A= = . Thus, Theorem 7 is true.  

 

Example 9.  Supposing TFN 
~
C equals negative six times TFN

~
A , expressed as 

~ ~
6C A= − , that is 

~
( 36, 18,6)C = − − , then 

~ ~ ~
( ) ( 6 ) 6 ( )H C H A H A= − = − .  

Sol.  The membership function of TFN
~
C can be expressed as:  

~

0 , 36, 6

( 36)
, 36 18

( ) ( 18) ( 36)

6
, 18 6

6 ( 18)

C

x x

x
x

x

x
x



 − 


− −
 −   −

= − − −
 −
 −  

− −

 

The entropy of TFN 
~
C  is calculated as the following:  
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18 6

36 18

~ 36 36 6 6 84 14 14
( ) 4 1 ( ) 4 1 ( ) 6 6

18 18 24 24 3 3 3

x x x x
H C p x dx p x dx s s s

−

− −

+ + − −   
=   − +   − = = −  =    

   
   

From Eq.(4.4), we know
~

( ) 4H A s= . Hence, 
~ ~ ~ ~

( ) ( 6 ) 6 ( ) 6 ( )H C H A H A H A= − = − = . Thus, Theorem 8 is true.  

 

Example 10.  Supposing TFN
~
C is the average of TFNs and , expressed as , that is 

~
( 1/ 2,5 / 2,13/ 2)C = − , then 

~ ~ ~ ~ ~
( ) (( ) / 2) ( ( )) ( )) / 2H C H A B H A H B= + = + .  

Sol.  The membership function of TFN
~
C can be expressed as:  

~

1 13
0 , ,

2 2

( 1/ 2) 1 5
,( )

5 / 2 ( 1/ 2) 2 2

13/ 2 5 13
,

13/ 2 5 / 2 2 2

C

x x

x
xx

x
x




 − 


− −

−  = 
− −

 −
 

−

 

The entropy of TFN 
~
C  is calculated as the following:  

5 13

2 2
1 5

2 2

~ 0.5 0.5 6.5 6.5 14
( ) 4 1 ( ) 4 1 ( )

3 3 4 4 3

x x x x
H C p x dx p x dx s

−

+ + − −   
=   − +   − =   

   
   

From Eqs.(4.4) and (4.6), we know
~ 14

( )
3

H A s= ,
~ 14

( )
3

H B s= . 

Hence, 
~ ~ ~ ~ ~

( ) (( ) / 2) ( ( )) ( )) / 2H C H A B H A H B= + = + . Thus, Theorem 9 is true.  

 

Example 11.  Supposing TFN
~
C is the average of TFNs

~
A ,

~
B and

~
D , expressed as 

~ ~ ~ ~
( ) 3C A B D= + + , that 

is ( )
~

0,10 3, 22 3C = , then 
~ ~ ~ ~

( ) ( ) ( ) ( ) 3H C H A H B H D
 

= + + 
 

. 

Sol.  The membership function of TFN
~
C can be expressed as: 

~

22
0 , 0,

3

0 10
( ) , 0

10 / 3 0 3

22 / 3 10 22
,

22 / 3 10 / 3 3 3

C

x x

x
x x

x
x




 


−

=  
−

 −
 

−

 

The entropy of TFN 
~
C  is calculated as the following:  

10 22

3 3
10

0
3

~ 22 / 3 22 / 3
( ) 4 1 ( ) 4 1 ( )

10 / 3 10 / 3 12 / 3 12 / 3

x x x x
H C p x dx p x dx

− −   
=   − +   −   

   
   

44

9
s=  

From Eqs.(4.4), (4.5) and (4.6) we know that 
~ 14

( )
3

H A s= ,
~ 14

( )
3

H B s= and
~ 16

( )
3

H D s= . Hence, 

~ ~ ~ ~ ~ ~ ~
( ) ( ) 3 ( ) ( ) ( ) 3H C H A B D H A H B H D

   
= + + = + +   

   
. Thus, Theorem 10 is true. 

 

Example 12.  Supposing TFN
~
C is the summation of TFNs

~
A ,

~
B and

~
D , expressed as

~ ~ ~ ~
C A B D= + + , that 

is 
~

(0,10,22)C = , then
~ ~ ~ ~

( ) ( ) ( ) ( )H C H A H B H D= + + . 

~
A

~
B

~ ~ ~
( ) 2C A B= +
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Sol.  The membership function of TFN
~
C can be expressed as:  

~

0 , 0, 22

0
, 0 10

( ) 10 0

22
, 10 22

22 10

C

x x

x
x

x

x
x



 


−
  

=  −
 −
  

−

 

The entropy of TFN 
~
C  is calculated as the following:  

10 22

0 10

~ 22 22 44
( ) 4 1 ( ) 4 1 ( )

10 10 12 12 3

x x x x
H C p x dx p x dx s

− −   
=   − +   − =   

   
   

From Eqs.(4.4), (4.5) and (4.6) we know that
~ 14

( )
3

H A s= ,
~ 14

( )
3

H B s= and 
~ 16

( )
3

H D s= . Hence,

~ ~ ~ ~ ~ ~ ~
( ) ( ) ( ) ( ) ( )H C H A B D H A H B H D= + + = + + . Thus, Theorem 11 is true. 

 

Example 13.  Supposing there are three TFNs ,
2

~
C and

3

~
C , and they have the following relationship with 

TFNs and , 
1

~ ~ ~
5 6C A B= + , 

2

~ ~ ~
( 5) 6C A B= − +  and 

3

~ ~ ~
( 5) ( 6)C A B= − + − . That is, ( )1

~
5, 27,72C = − , 

( )2

~
30, 13, 47C = − −  and ( )3

~
72, 27,5C = − − , then 

1

~ ~ ~
( ) 5 ( ) 6 ( )H C H A H B= + , 

2

~ ~ ~
( ) 5 ( ) 6 ( )H C H A H B= +  and 

3

~ ~ ~
( ) 5 ( ) 6 ( )H C H A H B= + . 

Sol.  From Eqs.(4.4) and (4.6) we know that 
~ 14

( )
3

H A s=  and 
~ 14

( )
3

H B s= . Now, we compute the 

entropies of ,
2

~
C and

3

~
C  separately, as follows. 

27 72

1
5 27

~ 5 5 72 72
( ) 4 1 ( ) 4 1 ( )

27 ( 5) 27 ( 5) 72 27 72 27

x x x x
H C p x dx p x dx

−

 + + − − 
=   − +   −   

− − − − − −  
   

~ ~154 14 14
5 6 5 ( ) 6 ( )

3 3 3
s s s H A H B= =  +  = +  

so 
1

~ ~ ~ ~ ~
( ) (5 6 ) 5 ( ) 6 ( )H C H A B H A H B= + = +  is true.  

 

13 47

2
30 13

~ 30 30 47 47
( ) 4 1 ( ) 4 1 ( )

13 30 13 30 47 ( 13) 47 ( 13)

x x x x
H C p x dx p x dx

−

− −

 + + − − 
=   − +   −  

− + − + − − − −   
   

~ ~154 14 14
5 6 5 ( ) 6 ( )

3 3 3
s s s H A H B= =  +  = +  

so 
2

~ ~ ~ ~ ~
( ) ( 5 6 ) 5 ( ) 6 ( )H C H A B H A H B= − + = +  is true. 

 

27 5

3
72 27

~ 72 72 5 5
( ) 4 1 ( ) 4 1 ( )

27 72 27 72 5 27 5 27

x x x x
H C p x dx p x dx

−

− −

+ + − −   
=   − +   −   

− + − + + +   
   

~ ~154 14 14
5 6 5 ( ) 6 ( )

3 3 3
s s s H A H B= =  +  = +  

so 
3

~ ~ ~ ~ ~
( ) ( 5 6 ) 5 ( ) 6 ( )H C H A B H A H B= − − = +  is true. Hence Theorem 12 is true. 

 

1

~
C

~
A

~
B

1

~
C
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Example 14.  Supposing there are two TFNs and
2

~
C , and they have the following relationship with TFN

: 1

~ ~
1.2C A= and

2

~ ~
( 3.6)C A= − . That is, 

1

~
( 1.2,3.6,7.2)C = −  and 

2

~
( 21.6, 10.8,3.6)C = − − , then 

1

~ ~
( ) 1.2 ( )H C H A= , 

2

~ ~
( ) 3.6 ( )H C H A= .  

Sol.  From Eq.(4.4), we know 
~ 14

( )
3

H A s= . Now, we compute the entropies of 
1

~
C and

2

~
C  separately, as 

follows. 

3.6 7.2

1
1.2 3.6

~ 1.2 1.2 7.2 7.2
( ) 4 1 ( ) 4 1 ( )

3.6 1.2 3.6 1.2 7.2 3.6 7.2 3.6

x x x x
H C p x dx p x dx

−

+ + − −   
=   − +   −   

+ + − −   
   

~16.8 14
1.2 1.2 ( )

3 3
s s H A= =  =   

 

Then 
1

~ ~ ~
( ) (1.2 ) 1.2 ( )H C H A H A= =  is true. 

10.8

2
21.6

3.6

10.8

~ 21.6 21.6
( ) 4 1 ( )

10.8 21.6 10.8 21.6

3.6 3.6
4 1 ( )

3.6 10.8 3.6 10.8

x x
H C p x dx

x x
p x dx

−

−

−

+ + 
=   − 

− + − + 

− − 
+   − 

+ + 





 

~50.4 14
3.6 3.6 ( )

3 3
s s H A= =  =   

Then 
2

~ ~ ~
( ) ( 3.6 ) 3.6 ( )H C H A H A= − =  is true.  Hence Theorem 13 is true. 

 

Example 15.  Supposing there is one TFNs 
~
C , it has the following relationship with TFN  and 

~
B : 

~ ~ ~
1.2 ( 3.6)C A B= + −  That is, 

~
( 26.4, 3.6,7.2)C = − − , then 

~ ~ ~
( ) 1.2 ( ) 3.6 ( )H C H A H B= + .  

Sol.  From Eqs.(4.4) and (4.6), we know 
~ 14

( )
3

H A s=  and 
~ 14

( )
3

H B s= . Now, we compute the entropies 

of 
~
C , as follows. 

3.6

26.4

7.2

3.6

~ 26.4 26.4
( ) 4 1 ( )

3.6 26.4 3.6 26.4

7.2 7.2
4 1 ( )

7.2 3.6 7.2 3.6

x x
H C p x dx

x x
p x dx

−

−

−

+ + 
=   − 

− + − + 

− − 
+   − 

+ + 





 

~ ~67.2 14 14
1.2 3.6 1.2 ( ) 3.6 ( )

3 3 3
s s s H A H B= =  +  =  +   

Then 
~ ~ ~

( ) 1.2 ( ) 3.6 ( )H C H A H B= +  is true.  Hence Theorem 14 is true. 

 

5. CONCLUSION  

In this scholarly exposition, the author investigated entropy differentials inherent in triangular fuzzy 

numbers subjected to arithmetic operations, encapsulating the expounded theorems and illustrative instances. 

The primary deductions can be encapsulated as follows. Initially, triangular fuzzy numbers (TFNs) 

characterized by identical "base width" manifest commensurate entropies. Subsequently, regardless of whether 

two TFNs undergo addition or subtraction, the resulting entropy equates to the summation of the individual 

entropies of each TFN. Moreover, irrespective of multiplication by positive or negative factors, the entropy 

consistently maintains positivity. Furthermore, when TFNs undergo multiplication by positive or negative real 

numbers, the ensuing entropy remains perpetually positive. The entropy of a TFN correlates with the image of 

its respective TFN entropy. Additionally, the entropy of the average of two TFNs corresponds to the mean of 

1

~
C

~
A

~
A
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the entropies of those two TFNs. Similarly, the entropy of the average of multiple TFNs mirrors the average 

of their individual entropies. The entropy of the summation of multiple TFNs corresponds to the sum of the 

entropies of those TFNs. Notably, when a positive or negative linear relationship exists between TFNs, a 

positive linear relationship consistently prevails between their entropies. This paper conclusively demonstrates 

that the entropies of triangular fuzzy numbers exhibit a consistent increase following arithmetic operations. 
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