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1. INTRODUCTION
In the past, researchers have used myriads of methods to measure the fuzziness of fuzzy sets.
Kaufmann [4] denoted the fuzziness of a fuzzy set by calculating the distance between the fuzzy set and its
nearest non-fuzzy set. De Luca et al. [5] proposed using the entropy to describe the fuzziness of a fuzzy set.
Indeed, there are plenty more papers which discuss the entropy of fuzzy sets [3,4,8]. Pedrycz [6] used the fuzzy
set with a triangular membership function to demonstrate the entropy change when the interval size of the
universal set is changed. Wang and Chiu [9] extended the results of Pedrycz’s findings to any type of fuzzy
sets. It is necessary to base the comparisons of the fuzziness of several fuzzy numbers on the same definition
of entropy computation.
In the past, the study of the entropy differences of TFNs with arithmetic operations has always relied on
this  equation of entropy functions: A(x)=4x(1-x) . Shannon’s famous function,

h(x)=—x-Inx—(1-x)-In(1—x), is often used to measure fuzziness, yet it is difficult to find researchers

who use the function to calculate entropy differences. In this paper, we use Shannon’s Function on arithmetic
operations of triangular fuzzy numbers and to examine the entropy differences after the calculations. Moreover,
we extend the studies of Wang et al. (2000), and Wang et al. (2005), which, using A(x) =4x(1—x), found

the entropy differences of triangular fuzzy numbers submitted to arithmetic operations.



https://creativecommons.org/licenses/by-sa/4.0/

DOI: https://doi.org/10.53893/fms.v3i2.514

This paper contains five sections. In Section 2, the fuzzy sets and the properties of entropy are introduced.
In Section 3, we use Shannon’s Function to probe the entropy differences of arithmetic operations with TFNs,
and prove fourteen theorems. In Section 4, several examples are given to illustrate the theorems. Finally,
Section 5 briefly summarizes our conclusions.

2.  ENTROPY AND FUZZY SETS
2.1 The properties of entropy

Suppose 4 is a fuzzy set and is defined in a universal set U, where U is finite and real. The membership
function value of X in fuzzy set 4 forxeU is represented as 4(x) and 4(x): x —[0,1]- The measurement of
fuzziness of the fuzzy set 4 is denoted as y;j)and it holds the following properties (de Luca and Termini, 1972
[5]; Zimmermann, 1996 [11]):

1. H(A4)=0,if 1isacrispsetin U .

2. IfA(x)=1/2, VxeU, then //(4)has a unique maximum.

3. For two fuzzy sets A and B , if B(x) < A(x) for A(x) <1/2 and B(x)= A(x) for A(x)>1/2

then H(A)> H(B).
4. H(ATC) = H(,Z) , where /IC (x) is the standard complement ofg(x) , that is, /IC (x)=1- /I(x)

The researchers use the integration of the following equation to calculate the global entropy measure of the
fuzzy set 4 independent of X over the universal set U [6].

H(A)= [ h(A(x)p(x)dx ()

xeX
where p(x) is the probability density function of the available data in U, A( /I(x)) is the entropy function,
h(x):[0,1] >[0,1] is monotonically increasing in [0, %] and monotonically decreasing in [% , 1] , h(x)=0
,asx=0 and x=1; h(x)=1, as x = 1/ 2 . The following equations are the well-known entropy functions

used to measure the fuzziness of H( A ) which can be regarded as an “entropy” of a fuzzy set ,Z(x) :

x i xe[nl]
h =
) 20-x) if xe [% , 1] @)
h(x)=4x(1-x) A3)
and
h(x)=—x-Inx—(1-x)-In(1—-x) 4)

where Eq.(4) is called Shannon’s function [11] , which is applied to calculate the entropy of the TFN in this
paper.

2.2 Definitions of fuzzy sets
Definition 1. The Triangular Fuzzy Number (TFN) A is denoted by atriplet(q,,a,,a,), it is usual to represent

this TFN as 4= (a,,a,,a;)- The membership function can be defined as follows [6, 11]:

Hi(x) A
1
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Figure 1: Triangular Fuzzy Number (TFN) 4= (q4,,4,,a,)

0 , x<a, a;<x

x—a
—1, g <x<a,
Hi(x) =1 a,—aq ©)
a, —x
3
——, a,<x<aq,
a;—a,

where g1 (x) is the degree of membership or the membership function value of x in fuzzy set A, U and w5(x)

represent a universal set and membership function, respectively. In the expression below z;(x) and fuzzy set

A have the form: Ui(x):U—[0,1].

Definition 2. Two TFNs 4 and B are defined as 4 = (a,,a,,a,) and B= (b,,b,,b,), so [6]
(1) Addition:
A® B =(a,,a,,a,)® (b, b,,b,) =(a, +b,a, +b,,a, +b,)
(i1) Subtraction:
A-B=(ay,a,,a;) = (b, b,,b;) = (a, = by, a, =b,,a; = by)
(iii) Multiplication:

(1) n A= (na,,na,,na,) neN N :denotes a natural number
Q) mA= (ma,,ma,,ma,) mel,m<0 [ :denotes an integer
() rA=(ra,,ra,,ra,) reR,r>0 R:denotes areal number
4 S/Iz(saysaz,sal) seR,s<0

nA.mA.r A ,and s 4 are triangular fuzzy numbers.

@iv) A is the image of triangular fuzzy number A , defined as:

4 =—(A)= (—as,—a,, _a1)
The results are still triangular fuzzy numbers through the arithmetic operations of addition to, subtraction
from and multiplication by two triangular fuzzy numbers.

3.  The entropy differences on TFNs through arithmetic operations
We will discuss and prove the entropy differences of triangular fuzzy numbers (TFNs) through arithmetic

operations employing Eq.(4) above in this section. According to Definition 2, the result of putting two TFNs
through arithmetic operations is always a TFN.

Suppose that we have two triangular fuzzy numbers A and B , briefly indicated as A= (a,,a,,a,) and

B= (b,,b,,b,), respectively. Their membership functions are shown below:

0 , x<a, a;<x

x—a

—2L, g <x<a, (©)
Uz (x) =4 a,—aq,

a,—x

-, g,<x<a

a4;—a,

Applying Shannon’s Function to entropy differences of arithmetic operations with triangular fuzzy numbers
(Tien-Chin Wang)
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0 , x<b, b<x

XDy <x<h, @
Hz(x)=1b,—b

b=x b, <x<b,

b3_bz

Theorem 1. For two TFNs A and B , expressed as 4= (a,,a,,a,) and B= (b,,b,,b,), supposing p(x) =,

where s is a constant, then the relationship of the entropy of AandB has: H (/I) =kH (§) , where
k= 2a,—a, —a, .
2b, —b, —b,

Proof. Apply Eq.(4) to Eq.(6), we obtain,
0 , X<a, a;<Xx

_[ il Jl[ x-a Nl x-a jln[l— x-a j @ <x<a,
h(,u;(x)) = a, —a, a, —a, a, —a, a, —q
—( X Jln( L j—[l— e ]ln[l— %3 J, a,<x<a,
a,—a, a,—a, a,—a, a,—a,
Apply Eq.(1) to the above equation, and computing the entropy of TFN A , the integration result is shown as,
a, _ _ _ _
H(A):I _( aami jln( 4 j—[l— 4 Jln[l— 4 ] (x)dx
a, a, —q a, —q a, —q a, —q
a, _ _ _ _
+I —( i len( i xj—[l— i len[l— i xj p(x)dx
a, a4 —a a;—a, a4 - a;—a,
Let ) = X~ 4%  then dx=(a,—a))dy. R B dx=—(a;—a,)dz .
a, — 4 a;—a,
~ 1 1
H(A) = (=s)(a,=a)[ [yIny+(1=y)In(1= )y +(s)(a; —a,) [ [0z +(1-2) In(1-2) Jiz

= (=s)(a, —al)U; yln ydy + jol (1-y)In(1 - y)dy] +(s)(a, —az)[ j;z In zd= + j; (1-2)In(1 —z)dz}

:(_S)(az_al)li[%yz lny_y_zj [M—%IH(I—J})J ]

4 4
1]
0

1
+
0

+(s)(a3—a2){[%zz 1nz—§j +(#—%ln(l—z)j

=(—s)(a, —al){(%lnl—i—0)+(0—i+%lnlﬂ
1 1 1 1
+(s)(a, —az)[(EInI—Z—O]+(O—Z+Elnlﬂ

=(—s)(a, —al)(lnl—%j+ (s)(a, —az)(lnl—%j =s(a, +a, —2a2)(ln1 —%)

s
= 5(2‘12 —a,—a)
Hence, f7(,1) :g(zaz -a-a,) (8)

Using the same method to integrate the entropy of B , the result is
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H(B)— (Zb —b —b, ) )
. H(4) _2a,-a-a — H(A)=kH(B), where j — 2a,—a,—a;
H(B) 2b,-b-b, 2b, —b,—b,

Lemma 1. For the two TFNs A and B , if the following conditions are satisfied, then H(4)=H(B)-
(1) When {“1 =a, thatis A(x)and B(xX) are left- facing right triangles and they have the same “base width”.
]

(2) When |4 = az , that is 4(x)and B(x) are right-facing right triangles and they have the same “base

b3
width”.

(3) When | & +a; =24, that is A(x)and B(x) are the isosceles triangles.
b, +b, =2b,

(4) When 24, —a, —a, = 2b, —b, —b,-

Theorem 2. Supposing C=A+B, C being a TFN, then the entropy of C is the summation of the entropies
of A and B . Thatis, H(C) = H(A+ B) = H(A)+ H(B).

Proof. For CN’(x) = /I(x) + BN(x) , the membership function can be expressed as

0 , x<a+b, a;+b,<x
x=(a +b) , a,+b <x<a,+b,
/15(35): (a,+b,)—(a;+b)
(@, +6,)=x , a,+b,<x<a,+b,
(a3+b3)_(a2+b2)
Let 5, — x—(a,+b) , - (a;+by)—x .
(a2+b2)_(a1+b1) (a3+b3)_(az+b2)
Applying Eq.(4) to the above equation, we obtain
0 , x<a,+b, a,+b,<x
h(uz(x) =1 =) In(y)=(1=p)In(1-y), a +b<x<a,+b,
—(z)In(z)—(1-2z)In(1-2), +b,<x<a,+b,

Applying Eq.(1) to the above equation, and computing the entropy of TFN C, the integration result is shown
as

HO = [ [<0)In() ~(1= ) (= »)]pE)dr+ [ [(2) In(z) = (1=2) In(l=2) [p(x)dx
e x—(a,+b) . _ _
y_(a2+b2)—(al+b1) ~odx=((ay +by)—(a, +b)dy
_ (ay+b)—x
- (ay+by)—(a, +b,)
H(C) = (=5)[(a, +b,)— (g, +5)] [, [yIn y+ (1~ ) In(1— y)

+®[(@,+b) ~ (@, +b)] [ [zInz+ (1~ 2)In(1-2) iz

~odx=—((a,+b,)—(a,+b,))dz

Applying Shannon’s Function to entropy differences of arithmetic operations with triangular fuzzy numbers
(Tien-Chin Wang)
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= (—S)[(a2 +b,)—(q, +b1)](lnl—%)+(s)[(a3 +b,)—(a, +b2)](lnl—%]
:%(2(‘12 +b))—(a,+b)—(a, +b3))
=§(2a2 —a, —a3)+§(2b2 —b—b,)

= H(A)+H(B)
Hence, F(C)= %(m2 —a,-a,) +%(2b2 —b,—b,)= H(A)+H(B)-
Theorem 3. SupposingCN’: A-B, C being a TFN, then the entropy of C is the difference of the entropies of
A and B . Thatis, H(C) = H(A-B)=H(A)—H(B).
Proof. For Ci (x)= g(x) —g(x) , the membership function can be expressed as

0 , x<a,—by, a;—b <x
—(a,—b
x—(a, =) , a,—b,<x<a,-b,
/lg(x)z (a,—b,)—(a,—by)
—b)—
(@ =h) =x , a,—-b,<x<a,—b,
(a3_b1)_(a2_bz)
Let y= x—(a,—by) , 7= (a;—b)—x .
(a,—b,)—(a, = by) (a;—-b)—(a,-b))
Applying Eq.(4) to the above equation, we obtain
0 , x<a,—b,, a,—b <x

h(pz(x) = =N In(y)-=A=py)In(0-y), @ -b<x<a,-b,
—(2)In(z)-(1-z)In(l-z), a,-b,<x=<a,—-b

Applying Eq.(1) to the above equation, and computing the entropy of TFN C, the integration result is shown
as

H(C)= jb [~(») In(y) — (1 = ) In(1 = 1) |p(x)elx + j” [(2)In(z) — (1 - 2)In(1 - 2)]p(x)dx
. x—(a,—-b) . ~ o

Y @b -a—by (@b abody

_ (a3—b1)—x . _ B ~ ~ i

= la-b)-(@ by = A=(@mb)m(@ b))

H(C)=(=5)[(@~b,) (g, ~by)] [ [0 y+ (1= y)In(1 - y) iy
—k(s)[(a3 -b)—(a, —bz)]J‘Ol[zlanr(l—Z) ln(l—z)]dz
= (_S)[(az -b,)—(q _bz)](lnl_%j"'(s)[(% -b)—(a, _bz)](lnl_%J

=§(2(a2 —by)—(a,=b;)—(a, —bl))=%(2a2 - —aS)—%(2b2 ~b ~b,)

= H(A)- H(B)

Hence, rj(C)=2(2a,—a,—a,)~>(2b,~b —b,) = H(A)~ H(B) -
2 ) :

Vol. 3, No. 2, April 2026: 01 - 20
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Theorem 4. Supposing C= ZAN, C being a TFN, then the entropy of C is twice the entropy of A . Thatis,
H(C)=H(2A)=2H(A).

Proof. For C (x)=2 AN(x) , the membership function can be expressed as

0 , x<2a, 2a,<x
x—2a
———, 2a4,<x<2a,
He(x) =4 2a, —2q,
2a,—x
———, 2a,<x<2a,
2a, —2a,
Let ;= x—2a, o 2a,—x )
2a, —-2a, 2a,-2a,
Applying Eq.(4) to the above equation, we obtain

0 , x<2a, 2a,<x

h(pz(x)) =3 =(»)In(y)=(1-y)In(1-y), 24 <x<2a,
—(2)In(z)-(1-2)In(l1-z), 2a,<x<2a,

Applying Eq.(1) to the above equation, and computing the entropy of TFN C, the integration result is shown
as

H(O) = [ <) In() === »)]p(x)ds + [ [~(2)In(z) (1= 2) In(1 = ) Jp(x)dx

C =2 e—Qay—2a)dys v 2= = (2a,~2a,)d
2a,—-2a, 2a, —2a,

H(é) =(—95)(2a, —2aq, )j; [y Iny+(1—y)In(1- y)]dy +(8)(2a, — Zaz)_[(: [z Inz+(1—-z)In(1- z)]dz

=(-5)(2a, —2a1)(1n1—%] +(8)(2a, —2a2)(ln1—%j
s s
:5(2x2a2 —2a,-2a,) =2><5(2a2 —a,—a;)

=2H(A)

Hence, H(C) =2><%(2a2 —a,—a) = 2H(A).-

Theorem 5. Supposing C=-24 . C being a TFN, then the entropy of C is negative two times the entropy
of A . Thatis, H(C)=H(-2 A)=(-2)H(A).

Proof. For é(x) =-2 /Z(x) , the membership function can be expressed as,
0 , x<-2a, —2a,<x
x+2a,

, —2a,<x<-2a,
Uz (x) =4 2a; - 2a,

Da —
e R —2a, <x<-2q,
2a, —2a,
Let - ¥¥2& = _ 224-%
2a, —2a, 2a, —2a,

Applying Eq.(4) to the above equation, we obtain

Applying Shannon’s Function to entropy differences of arithmetic operations with triangular fuzzy numbers
(Tien-Chin Wang)
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0 , xX<-2a,, —2a,<x

h(uz(x) =4 =(»)In(y)-(1-y)In(1-y), -2a,<x<-2a,
—(z2)In(z)-(1-2z)In(1-2), —2a,<x<-2gq,

Applying Eq.(1) to the above equation, and computing the entropy of TFN C, the integration result is shown
as

HO) =] [-0) () == In(1 = )+ [ [+2)Inz) = (1= 2)In1 =) Jp)ds

C =2 = Qay—2a)dys v o2=—2 % gv——(2a,~2a)dz
2a,—2a, 2a, —2a,

H(C) =(=5)(2a,~2a,)[ [y In y+(1- y)In(1— )}y + (52, ~ 2a,) Iol[zlnz +(1-2)In(1-2) [z

=(-s)(2a, - 2a2)(ln 1- %) +(8)(2a, —2a,) (ln 1- %)

= %[(—2)><2a2 +2a, +2a;] = (—2)><%(2a2 —a,-a,)
=(=2)H(4)
Hence, H(C)=(-2) x§(2a2 —a,~a,)=(-2)H(A)-
Remark 1. combining Theorems 4 and 5, the result is that, if the “base width” of the TFN Cis positive (or

negative) two times the “base width” of A , then the entropy of C is positive (or negative) two times the

entropy of A , using Shannon’s Function to compute their entropies.

Theorem 6. Supposing A s the image of TFN A , then the entropy of A is equal to the negative entropy
of A.Thatis, H(A )= H(~A)=—H(A).

Proof. For 4 (x)=- ,Z(x) , the membership function can be expressed as

0 , X<-a,, —a,<Xx
x+a,
—, —a,<x<-a,
My (X)=qas,—a,
—a,—x
, —a,<x<-a
a, —q
Let y— xta, o —a-x
a;— 4, a4, —q

Applying Eq.(4) to the above equation, we obtain
0 , X<-a,, —a,<Xx
h(p - (x) =9 =M In(y)=(1-y)In(-y), -a;<x<-a,
—(z2)In(z)-(1-2z)In(1-2), —a,<x=<-q

Applying Eq.(1) to the above equation, and computing the entropy of TFN C, the integration result is shown
as

HA) =] [0~ (1= (= »)]p)ds+ [ [2)In(2) = (1= 2) In(1 =) |p(x)dx

x+a
o y=—"—"— o dx=(a;—a)dy, v z=
a;—a, a, —q

—a, — X

odx=—(a,—a))dz

Vol. 3, No. 2, April 2026: 01 - 20
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H(A ) =(=s)(a, —az)fol[ylny+(1—y) In(1- y)ldy + (s)(a, —al)J: [zInz+(1-2)In(1-z) |z
1 1
=(=s)(a, —az)(m —5j+ (s)(a, —al)(lnl _E)
:%[(—1)><2a2 +a +a,]= (—1)><%(2a2 —a,—ay)
=(-DH(4)

Hence, H(,Z_) = (—1)><%(2a2 —a,—ay)= —H(/I) .

Remark 2. Supposing A~ is the image of TFN A , then the entropy of A s equal to the negative entropy

of A , using Shannon’s Function to compute their entropies. It can be expressed as H(Zf) + H(,Z) =0.

Theorem 7. Supposing C= n/i neN, C being a TFN, then the entropy of C is 1 times the entropy of
A . Thatis, H(C)=H(nA)=nH(A).

Proof. H ()= n><%(2a2 —a,—ay), neN.
n=1, H0O= %(2512 -a —a3) = H(/I), is established. Suppose 7 = k is established,
HO =k%(2a2 —a,—a,)=kH(A).

Then when n =k+1,
H(D)=(k+l)%(2a2 —a, —a3)=k%(2a2 —a, —a3)+§(2a2 —a,—a) = (k)H(A)+ H(A)

is established. By using mathematical induction, we can prove that when C=n /I, ne N, then

H(é) = nH(AN) is established.

Remark 3. If the “base width” of the TFN C is n (n€ N) times the “base width” of the TEN A , then

the entropy of C is n times the entropy of A , using Shannon’s Function to compute their entropies.

Theorem 8. Supposing C=-n /I, neN, C being a TFN, then the entropy of C is 1 times the entropy of
A . Thatis, H(C)=H(-nA) = (-n)H(A).

Proof. For é(x) =-n AN(x) , the membership function can be expressed as

0 , x<-na,, —na <x
X+ na,
——, —na;<x<-na,
Uz(x) = na; —na,
—na, —x
—1——, —na, <x<-na,
na, —na,

Let = Xtnay - —na-x

na, —na, na, —na,

Applying Eq.(4) to the above equation, we obtain

Applying Shannon’s Function to entropy differences of arithmetic operations with triangular fuzzy numbers
(Tien-Chin Wang)
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0 , Xx<-na,, —na;<x

h(pz(x) =4 ~(»)In(y)-(1-y)In(1-y), —na, <x<-na,
~(2)ln(z)~(1-2)In(1-2), —na, <x<-na

Applying Eq.(1) to the above equation, and computing the entropy of TFN C, the integration result is shown
as

H(C) =] " [~ ()~ (1= »)In(l=»)]p()dx+ [ " [~(2)In(z) = (1= 2) In(1 - 2) ]p(x)dx

x+na —na, —x
y=——"2 . dx=(nay—na))dy, . z=—"—" . dx=—(na,—na)dz
na, —na, na, —na,

H(C) = (=s)(nay —na) [, [yIn y + (1= y)In(l - y) iy + (s)(na, —na) [ [z1n 2 + (1 2) In(1 - 2) iz
= (=s)(na, —na,) (ln 1- %j +(s)(na, —na,) (ln 1- %)
S S
= E[(—n)xZa2 +na, +na; | = (—n)><5(2a2 —a,—a;)
= (-n)H (A)

Hence, H(C) = H(-n A) = (-n)H(A).

Remark 4. Combining Theorems 7 and 8, the result is for any integer m, me [l , C=mA, then the

following relationship is always true: H(CN’) =H(m :1) = mH(Z)

Theorem 9. SupposingCN' = (;1+ l})/2 . C being a TFN, then the entropy of C is the average of the

summation of A and§ . That is, H(C?) _ H((/T+ BN)/ZJ _ H(A)+H(B)
2

Proof. From Egs. (8) and (9) we know that /7 (4) = %(2% —a,—a,) and H(B)= %(2192 —b, —b,), then

H(é):%(2a2+2b2 _ath _a3+b3j

2 2 2

:%X%[(Zaz +2b,)~(a, +b1)_(a3+b3):|25{

_ H(A)+HB)
2

Theorem 10. Supposing ézlzn:jl and ,i,,éfz,,,,,A: are TFNs, where /Il =(a{, as, a;), i=12,..,n,
nis

C also being a TFN, then H(&):H(lig.j:lzn:H(g.)’ where n>22,neN.
L=

i=1

Proof. From Egs. (8) and (9) we know that H(/Il) = %(251;' —a —a;), i=12,..,n,i€N,then

H(C) =%{

20 +2a; +..+2a) a +a'+..+a a+a+..+dl
n n
s

1
:—x—[(2a§+2a22+...+2a§)—(a11+a12+...+a1”)—(a31+a32+...+a3")]
n
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:lx s(2a; -a, —a;)+s(2a22—a12 —a§)+m+s(2a;’ —a/ —a;’)
n 2 2 2

:lx[ﬂ(/fl)+H(/f2)+...+H(A~,,)}=liH(ZI-)' -
n n

i=1

Theorem 11. Supposing ¢ — Zn:/]’ and /Il,/fz,,,,,jn are TFNs, C also being a TFN, then the entropy of

i=1

C is the summation of the entropy of each TFN. That is, H(CN') = H[Zn: le = ZH:H(/I[): n>2, neN.

i=1 i=1

Proof. From Theorem 2 we know that if C = 4+ 4, , then H(C)= H(4,)+ H(4,)- Hence, it can be written as
C=A,+ A, = H(C)=H(4,)+H(4,,) (A)
where k>0, ke N. This theorem proves that
n=2, C=A+A4,= H(C)=H(A4)+H(4,) holds.
Supposing 7 = k holds, then
C=A+Ay+..+ A, = H(C)=H(A)+H(A)+..+ H(4,) (B)
when n:k+2,then 6:}141+jz+_“+1i+/fkﬂ+,i;
From formulas (A) and (B)
= H(C)= H(A)+ H(A) +...+ H(4,)+ H(A.) + H(4,.,)
= n=k+2, it still holds. Hence, this theorem is true.

2"

Theorem 12. Suppose C, A , and B are three TFNs, and they exit the linear relation as follows:

C=nA+mB , n,mel . The entropies of C |, A , and B exit the relation as:
H(C)=H(n A+mB) = nH(A) + mH(B).
Proof. We set 51 —nd and 62 =m B . From Theorems 7 and 8, we know that
H(C\)=nH(4), H(C,)=mH(B) (A)
We set C =C +C, . From Theorem 2 we know that
H(C)=H(C)+H(C,) (B)

From formulas (A) and (B), we obtain /(C)=nH(A)+mH(B) U
Hence, the theorem is true.

Theorem 13. Supposing C= r/T, reR, C being a TFN, then H(C)=H(r A) = rH(A)-
Proof. When ;2 ¢, C(x)=r A(x), then

0 , x<ra,ra;<x
x—ra
——L ra,<x<ra,
Uz (x) =4 ra, —ra,
ra, —x
——— ra,<x<ra,
ra, —ra,
Let o X7 | _ r4-x
ra, —ra, ra, —ra,

Applying Eq.(4) to the above equation, we obtain

Applying Shannon’s Function to entropy differences of arithmetic operations with triangular fuzzy numbers
(Tien-Chin Wang)
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0 , x<ra,ra; <Xx

h(pz() =1-()In(y) = (1= n(l-y), ra,<x<ra
—(z2)In(z)-(1-2z)In(1-2), ra,<x<ra,

Applying Eq.(1) to the above equation, and computing the entropy of TFN C, the integration result is shown
as

H(O) = [ "[~-(») ()~ A= » (- »)]p)dx+ [ " [~(2)In(z) - (1-2) In(l - 2)]p(x)dx

x—ra ra, —x
sy=——"1 - dx=(@a,-ra)dy, ‘v z=—3>3" o dx=—(ra,—ra,))dz
ra, —ra, ra, —ra,

H(C) = (=s)(ra, - ra,) jo' [y y+(1- ) In(l - )y +(s)(ra, - raz)jol[zlnz +(1-2)In(1-2) iz
=(-s)(ra, —ra,)) (lnl - %j +(8)(ra,; - mz)(m 1- %j
= %(2%12 —ra, —ray)
= rx%(Zaz —a,—ay)

=rH(A)
Hence, F7(C)= rx%(2a2 —a,—ay)= rH(A)-

When r<0, H(C)=H(r A) =rH(A) still holds. Hence, this theorem is true.

Theorem 14. Suppose C, A,and B are three TFNs, and they exit the linear relation as follows:
C= r.Z+SBN, r,s € R . The entropies of C.,A,and B exit the relation as:
H(C)=H(r A+ s B) = rH(A)+ sH(B) -
Proof. We set ¢ =, 4 and C, =5 B. From Theorem 13, we know that

H(C,))=rH(A), H(C,)=sH(B) A)
We set C =C,+C, . From Theorem 2 we know that

H(O)=H(C)+H(C,)- (B)

From formulas (A) and (B), we obtain f7(C) = rH(A)+sH(B)- 0
Hence, the theorem is true.

Theorem 15. A is a TFN, expressed as /I:(al,az,%). Suppose 2a, = a, +a,, the TFN A is an isosceles
triangle, then the entropy of A is zero (0s). That is, H(/I) =0s.

Proof. From Theorem 1, the entropy of A expressed as, fr(4)= £(2a2 —a,~a,)> the TEN A is an isosceles
2

triangle, S0 2a, = q, +a,. then f7( ) :%(zaz —a,—a,)=0s"

4. Examples
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In this section, we use real numbers to illustrate the above theorems. Suppose that there are three triangular

fuzzy numbers 4 B and D with real digits, briefly indicated as 4=(-1,3,5) , B=(0,2,6) and

D= (1,4.5,8), respectively. Their membership functions and figures are shown below:

0 , x<-1, 5<x 0 , x<0, 6<x
=D cr<s (10) X0 hcx<o (11)
s (x)=93-(-1) uz(x)=42-0’
57X 3c4<s 07X s<x<6
5-3’ 6-2
0 , x<I1, 8<x
=1 ov<as (12)
H5(x) =1 45-1
8-x  4s<x<s
8—4.5
Lz(x) Hz(x)
A A
1 1
T o 3 5 =x > ol 2 o -
£ ()
1
ol 1 4.5 8 x

Figure 2: Three TFNs 4 B and D with real digits

Example 1. Suppose there are two TFNs A and B whose membership functions are expressed as Eqgs.(10)
and (11), respectively. Thus, the following relationship holds: H( /T) =(-DH( E) .
Sol. Applying Egs. (4) and (1) to Egs. (10) and (11), respectively, the integration result is shown as

— o[ (x=CD), (x=CDY [, x—(D), (, x—(D
H(A)_I[ (3_(_1)]‘“[3_(_1)j [l 3—(—1)]1"[1 3—<—l>ﬂp(x)dx

L HEEH-E)R-F) e N
)
s{ (2 2]11{6 ;j_[l_gjln[ 2—;ﬂp(x)dx ”

Applying Shannon’s Function to entropy differences of arithmetic operations with triangular fuzzy numbers
(Tien-Chin Wang)
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M -5 __= M, the result is the ratio value of two TFNs 4 and B on the “base

' gy =9 2%2-0-6

width”. Thus, H(A)=(~1)H(B), where k =—1. Hence, Theorem 1 is true.

Example 2. Supposing TFN C is the summation of TFNs A4 and B , expressed as C= 2—1—5, that is
C =(-1,5,11), then H(C) = H(A)+ H(B).
Sol. The membership function of TFN C is expressed as
0, x<-1, 11<x
x—(—l)’ l<x<5
Uz(x)=15-(-1)
11-x
11-5

, 5<x<11
The entropy of TFN C is calculated as the following:
S [ x=CED x=—CD)_[_x=CD
H(C)_I[ (5—(—1>jh{5—<—1)J (1 5 1)J == }‘O(x)dx
+Il[‘(ll_len(ll_xj‘[l 11-x x 1= x }(x)dx
5 11-5 11-5 11-5 5 11-5

=0s
From Eqgs.(13) and (14), we know H(;l) + H(E) =s+(—s)=0s.

Hence, H(&) = H(;1+ l§) = H(;l) + H(Z}) . Thus, Theorem 2 is true.

Example 3. Supposing TFN C is the difference of TFNs A4 and B , expressed as C=A-B , that is
C=(-7,1,5). then H(C)=H(4)~H(B).

Sol. The membership function of TFN C canbe expressed as

0 , x<-7, 5<x
x—(—7), -7<x<
H(X) =1 1-(-7)
37X j<x<s
5-1

The entropy of TFN C is calculated as the following:
Ao [ X=CED x—(DY)_({_x=(D _x=ED
He= L[ ( =) Jm( = ] (1 =) Jln(l =) ﬂp(x)dx

5 5— 5 5 5
SRRSO 55 e
=25

From Egs.(13) and (14), we know H(;l) —H(E) =s5—(—5)=2s.

Hence, H(CN') = H(,Z— E) = H(;l) - H(E) . Thus, Theorem 3 is true.

Example 4. Supposing TFN C is twice TFN 4 , expressed asC =24 , that is C =(-2,6,10),

then H(C)=H((2A)=2H(A).

Vol. 3, No. 2, April 2026: 01 - 20
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Sol. The membership function of TENC can be expressed as
0 , x<-2, 10<x
x—(=2)
uz(x)=4 6-(=1)’
10—x
10-6

-2<x<6

6<x<10

The entropy of TFN C is calculated as the following:

H(é):J-Z[_[x:(:2)jln[X:(:2)j_[l_X:(:Z)jln(l_X:(:Z)J:|p(x)dx
6—(<2)) 1 6=(-2) 6—(-2) 6—(-2)

+IIO[_(IO—X]IH(IO—X]_(I_10—len(1_IO—XHP(x)dx
o L10-6) \10-6 10-6 10-6
=2s
From Eq.(13), we know H(A4) = s . Hence, H(C) = H(24) =2H(A) . Thus, Theorem 4 is true.

Example 5. Supposing TFN C equals negative two times TFN A4, expressed as C=-24 , that is
C=(-10,-6,2). then H(C)= H(-24) = (-2)H(4).

Sol. The membership function of TFN C can be expressed as

0 . x<-10, 2<x
ﬂ’ _10<x< -6
Uz (x)=1(=6)—(-10)
2-x , —6<x<2
2—(-6)

The entropy of TFN C is calculated as the following:

H<5>=I'6H x—(~10) Jln( x—(~10) ]_[1_ x—(~10) ]h{l_ x—(~10) ﬂp(x)dx
o \(=6)—(-10) (-6)-(-10) (-6)-(-10) (-6)-(-10)

) 2-x 2-x 2-x 2—x
+L’{_(z‘(‘6)}1{2—(—6))_(1_ 2—(—6))11{1_ 2—(—6)]}?(96)6&
=-2s
From Eq.(13), we know H(j) = s . Hence, H(CN’) = H(—21~4) = (—2)H(/I) . Thus, Theorem 5 is true.

Example 6. Supposing A is the image of TFN A , that is 4~ = (=5,-3,1), then H(A4 )= H(-A)=-H(A)-

Sol. The membership function of A (x)= —AN(x) can be expressed as

0 , x<-51<x
o o) B BN
Uy (xX)=9(=3)=(-5)
1—x .
1-(=3) o

The entropy of TFN 2_ is calculated as the following:

H(E_)—J-S{—( x—(=5) jln( x—(=5) j_(l_ x—=(=5) Jln[l— x—(=5) Hp(x)dx
S AE3)-5) (=3)-(-5) (=3)-(-5) (=3)-(=5)

g 13{_(1:—963)]11{1:—)63)]_(1 - 1?—2)}ln [1 - 1:—963)Hp () dx

Applying Shannon’s Function to entropy differences of arithmetic operations with triangular fuzzy numbers
(Tien-Chin Wang)
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=—s

From Eq.(13), we know H(A) = s . Hence, H(4") = H(- A) = —H(A) - Thus, Theorem 6 is true.

Example 7. Supposing TFN Cis five times TFN A4, expressed as C=54, that is C =(-5,15,25) , then
H(C)=H(5A)=5H(A).
Sol. The membership function of TFN C can be expressed as
0 , x<-5, 25<x
¥=(9)  _5<r<1s
w1z (x)=115—-(=5)
25—-x
25-15’

15<x<25

The entropy of TFN C is calculated as the following:
H(CN’):J.15 [ x=( In X=(3) ) _ I—L_S) In I—M (x)dx
s l1s=(=5) ) L15-(=3) 15—(—5) 15—(-5)
+IZS[—[ 25—len[25—xj_(l_ 25—x 25— x }p(x)dx
15 25-15 25-15 25—15 S 25-15
=35s
From Eq.(13), we know H(AT) =s . Hence, H(é) =H(5 /I) = SH(Z) . Thus, Theorem 7 is true.

Example 8. Supposing TFN C equals negative six times TFN 4 , expressed as ¢ =6 4, that
1S C=(-30,-18,6), then H(C)=H(-64)=(-6)H(A)-

Sol. The membership function of TFN C can be expressed as

0 , x<-=30, 6<x
ﬂ, 30<x<—-18
Uz (x) =9 (=18)=(=30)
6= g<y<s
6—(-18)

The entropy of TFN C is calculated as the following:
H(é):j”‘{ [ x—(=30) jh{ x—(-30) J_(l_ x—(-30) Jln(l—ﬂﬂp(ﬂdx
(-18)—(=30) (-18)—(=30) (—18)—(—30) (-18)—(=30)

+j6 - 6—x In 6—x —|1- 6—x In (x)dx
-18 6—(—18) 6—(—18) 6—(—18) e ( 18)

=—6s

From Eq.(13), we know H(4) = s . Hence, H(C) = H(~64)=(-6)H(4) - Thus, Theorem 8 is true.

Example 9. Supposing TFN Cis the average of TFNs Aand B , expressed as C= (/I+ 5)/2 , that is
C=(-1/2,5/2,11/2), then H(C)=H((A+B)/2)=(H(A))+H(B))/2.

Sol. The membership function of TFN C can be expressed as

Vol. 3, No. 2, April 2026: 01 - 20
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0 , x<—l,£<x
22
1(x) = M’ _lgxgé
¢ 5/2—-(-1/2) 2 2
11/2—x ’ ESXSE
11/2-5/2" 2 2

The entropy of TFN C is calculated as the following:
~ 3 —(— — (- — (-
H(C)Zj.zl [ x=(=1/2) ml X (-1/2) | X (-1/2) ml o X=C1/2) (- 1/2) (x)dx
= 572—-(=1/2) ) \5/2—(-1/2) 5/2—(-1/2) 5/2—(- 1/2)
1 —_ _ _ —
NE _( 11/2-x )m( 11/2-x j_(l_ 11/2-x jh{l_ 11/2-x jp(x)dx
3 11/2-5/2 11/2-5/2 11/2-5/2 11/2-5/2
=0s

From Eqgs.(13) and (14), we know H(Z);H(g) _ s+g_s) -0

Hence, p(Cy=pH A+ B | _ H(A)+H(B)  Thus, Theorem 9 is true.
2 2

Example 10. Supposing TFN Cis the average of TFNs A,BandD , expressed as ( = (;1_{_ B+ 5)/ ,
that is C =(0,19/6,19/3). then F/(C) = (H(Z)+H(]§)+H(5)j/3 :

Sol. The membership function of TFN C can be expressed as
1
0 , x<0, ?9 <x

X0 19
(=1 S o<x<—
HO=1 560 =%

19/3-x  19_ _19

—, _x
19/3-19/6" 6 3

The entropy of TFN C is calculated as the following:

~ 19 _ _ _
H(C)=¢ —( x—0 jln( x—0 j—[l—x—o)ln (x)
o | (19/6-0) "\19/6-0 19/6-0 19/6 0

L4 19/3—x 19/3—x 19/3—x 19/3—x

+j19 - In —|l-———|In|l -—————— (x)dx
oL \19/3-19/6) (19/3-19/6 19/3-19/6 19/3-19/6
=0s

From Eqgs.(13) and (14) we know that H(A) + H(B)+ H(D) _S +(—s)+(0s) = (s - Hence,
3 3

H(C)= H((;H B+ 5)/3) = (H(;l) + H(B) +H(5)]/3 . Thus, Theorem 10 is true.

Example 11. Supposing TFN C is the summation of TFNs 4 , B and D , expressed as C=A+B+D , that
is C=(0,19/2,19), then H(C)= H(A)+ H(B)+ H(D).

Sol. The membership function of TFN C can be expressed as

Applying Shannon’s Function to entropy differences of arithmetic operations with triangular fuzzy numbers
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0 , x<0, 19<x
x—0 19
— . 0<
4:(x)=719/2-0
19—x , 19 _
19-19/2 2

The entropy of TFN C is calculated as the following:

H(é):jg —( x—0 jln( x—0 j—(l— x—0 jln(l— x—0 ) (x)dx
o | (1972-0) (19/2-0 19/2-0 19/2-0

+I1199 _( 19-x jln( 19-x )_(1_ 19-x jln(l_ 19-x jp(x)dx
5 19-19/2 19-19/2 19-19/2 19-19/2
=0s
FromEqs.(13)and(l4)weknowthatH(g)+H(§)+H(5):S+(_s)+0s:()S.Hence,

H(C~') = H(Z+ B+ 5) :H(Z)+H(E)+H(5) . Thus, Theorem 11 is true.

Example 12. Supposing there are three TFNs 51 s d and 63 , and they have the following relationship with
TFNs A and B , C,=54+6B . C,=(-5)A+6B and C, = (-5) A+(=6) B . Thatis, C, =(~5,27,61),

C, =(-25,-3,41) and C, =(~61,-27,5), then #(C))=5H(A)+6H(B), H(C,)=(~5)H(A)+6H (B) and
H(C,)=(-5)H(A)+(-6)H (B)-

Sol. From Egs.(13) and (14) we know that A (/I) =s and H (E) = —s. Now, we compute the entropies of

CN'1 ,d and(j3 separately, as follows.
Gy = [ 22E5 Y 2269 [ 2= _x (5) (x)de
Vods (27-(-5) 27 —(=5) 27—(—5) 27— (- 5)

+J6l _( 61—x jln( 61—x j_(l_ 61—x jln(l— 61—x j b (x)dx
7| (61-27) (61-27 61-27 61-27

=—s=5xs5+6x(—s)=5H(A)+6H(B)

So H(C,)=H(5A+6B)=5H(A)+6H(B) is true.
H(CNZ)=I3{—( x—(=25) jln( x—(=25) j_[l_ x—(=25) ]ln(l_ x—(=25) Hp(x)dx
2\ (=3)-(=25) (=3)-(-25) (=3)-(-25) (=3)-(-25)

+I4[—( 41—x jln[ 41—x j_(l_ 41—x )m[l— 41—x Hp(x)dx
sl l41-=3) ) (41-(=3) 41-(-3) 41-(-3)

=—11s=(=5)x5+6%(=s) = (=5)H(A)+ 6H(B)

So H(C,)=H (-5 A+6B)=(~5)H(A)+6H(B) is true.
H(ﬁ):j’” [ x=6) ) (_x=(6D ) (| x=(6D ), (| x=(6D) ()
Yok L2n-6n) (-27) - (-61) (-27) - (-61) (-27)-(~ 61)

s 5—-x 5—x 5_ s .
+_[27|:_(5—(—27)jln(5—(—27)j_(1_ 5_(_27)jln(1— 5_(_27)ﬂp()€)dx

=5 =(=5)x5+(=6)x(=s) = (=5)H(A) + (~6)H(B)

So H(C,)= H(~-5A4-6 B)=(=5)H(A)+(~6)H(B) is true. Hence Theorem 12 is true.
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Example 13. Supposing there are two TFNs CN‘I and C, , and they have the following relationship with TFN

A4 . C=164 and C,=(-3.8)4 . That is, C =(-1.6,4880) and C,=(-19.0,-11.4,3.8) , then
H(C)=1.6H(A), H(C,)=(-3.8)H(A).

Sol. From Eq.(13), we know H (/I) =s . Now, we compute the entropies of CN‘l and(?2 separately, as
follows:

H(é):r's ( x-(-16) n x=(=1.6) | - x—(-1.6) In 1_ﬂ (x)dx
Vodasl 1 48-(-1.6)) | 4.8—(-1.6) 4.8-(-1.6) 4.8-(-1.6)

+J~8-0 _( 8.0—x jln( 8.0—x j_(l_ 8.0—x jln(l— 8.0—x j (x)dx
438 8.0-4.8 8.0-4.8 8.0-4.8 8.0-4.8

=1.6s=1.6xs =1.6H(A4)

Then H(C,)=H(1.6 A)=1.6H(A) is true.

H(é):j"“— x=(19.0) ) (x=(190) ) (| x=(190) N (1 x=(-19.0) (x)dx
ool {(-11.4)-(=19.0) ) | (-11.4)—(~19.0) (-11.4)—(~19.0) (-11.4)—(~19.0)

0 [_( 3.8-x Jh{ 3.8-x j_(l_ 3.8-x jln{l_ 3.8-x Hp(x)dx

-4 (3.8-(=11.4) ) (3.8—(-11.4) 38—(-11.4) 3.8—(-11.4)

= (=3.8)5 = (=3.8)x s = (~3.8) H(A)

Then H(d) =H(-3.8 AN) = (—3.8)H(/T) is true. Hence, Theorem 13 is true.

Example 14. Supposing TFN C has the following relationship with TFNs Aand B : C=1.64+ (-2.3) B.
That is, C =(—15.4,0.2,8), then H(C)=H(1.6 A+(-2.3) B) = (1.6)H(A)+ (-2.3)H(B).

Sol. The membership function of TFN C can be expressed as

0 , x<-154, 8<x
XD sacr<on
H(xX)=40.2—(=15.4)
19-x  go<x<s
8—02

The entropy of TFN C is calculated as the following:

H@©-[" [ 15 | (154 ) () w15 ) eI ]
sl L 02— (<154) )\ 02=(-15.4) 02— (—15.4) 02— (—15.4)
8 19—x 19—x 19—x 19—x
+jo{{s-o.zjln(g—o.zj_(1_8—0.2)111(1_8—0.2)}’9“)”

=(3.9)s = (-3.8) x5 = (-3.8)H(A)

From example 1, we know H(/I) =s, H(§) = —s . From example 13, H(1.6 /I) =1.6s,
H(-2.3B)=(-2.3)x(—s)=2.3s.
From above results, 7(C)=(3.9)s =1.65+2.3s = H(1.6 A)+ H(-2.3B) =1.6H(A)+(-2.3)H(B) is

true. Hence, Theorem 14 is true.

Example 15. The membership functions of the TFN D is expressed as Eq.(12). the TFN D is an isosceles
triangle Thus, the entropy of H(D) = 0s.

Applying Shannon’s Function to entropy differences of arithmetic operations with triangular fuzzy numbers
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Sol. The membership function of TEN D can be expressed as Eq.(12), that is D = (a,,a,,a,)=(1,4.5,8).
Because 2a,=a,+a,, 2x4.5=1+8,50 TFN D is an isosceles triangle. From Theorem 1, we know
H(A) = %(2% —a, —aj,) S0 the entropy of Dis H(D) :%(2X4_5_1 —~8) =05 - Hence, Theorem 15 is
true.

5.  CONCLUSION

In this paper, we used Shannon’s Function to find the entropy differences of triangular fuzzy numbers
with the entropy of arithmetic operations and we summarized the above theorems and examples. The main
conclusions are as follows.

Firstly, when two TFNs are added or subtracted, the entropy is equal to the addition or subtraction of the
entropies of each individual TFN. Secondly, the entropy of the summation of many TFNs is equal to the
summation of each of those TFNs’ entropies. Thirdly, no matter whether two TFNs are left-facing or right-
facing right triangles, if they have the same “base width”, then their entropies are the same. Fourthly, if two
TFNs are isosceles triangles, their entropies are the same. Fifthly, if TFNs are multiplied by positive integer
numbers or positive real numbers, the entropy is positive. Sixthly, if TFNs are multiplied by negative integer
numbers or negative real numbers, the entropy is negative. Seventhly, the entropy of a TFN is the same as the
negative image of its TFN entropy. Eighthly, the entropy of the average of two TFNs is equal to the average
of each of those two TFNs’ entropies. Ninthly, the entropy of the average of many TFNs is equal to the average
of those TFNs’ entropies. Tenthly, if a positive or negative linear relationship exists between TFNSs, a positive
or negative linear relationship always exists between their entropies.

This paper proves that whether the entropies of triangular fuzzy numbers increase or decrease depends on
the operations of arithmetic.
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