International Journal of Mechanics, Energy Engineering and Applied

Science(IJMEAS)

VOL. 3, NO. 2, May 2025, PP. 1-8

Print ISSN 3026-6815 | Online ISSN 3026-5673 | DOI prefix: 10.53893
https://journal.gpp.or.id/index.php/ijmeas/index

Using Finite Element Method to Calculate Strain Energy
Release Rate, Stress Intensity Factor and Crack
Propagation of an FGM Plate Based on Energy Methods

Huu-Dien Nguyen'”

"Long An University of Economics and Industry, Vietnam

Email address:
nguyen.dien@daihoclongan.edu.vn

*Corresponding author
To cite this article:
Nguyen, H. (2025). Using Finite Element Method to Calculate Strain Energy Release Rate, Stress Intensity Factor and Crack Propagation of

an FGM Plate Based on Energy Methods. International Journal of Mechanics, Energy Engineering and Applied Science (IJMEAS), 3(2), 1-8.
https://doi.org/10.53893/ijmeas.v3i2.395.

Received: 03 21, 2025; Accepted: 05 28, 2025; Published: 05 30, 2025

Abstract: In the field of crack mechanics, predicting the direction of the crack when the propagation crack occurs is important
because this will evaluate the crack when it propagates whether it penetrates into important areas, the danger of the structure or
not. This paper will refer to three theories that predict the propagation direction of cracks: the theory of maximum tangential
normal stress, the theory of maximum energy release and the theory of minimum strain energy density. At the same time, the
finite element method (FEM)- ANSY'S program will be used to calculate stress intensity factors (SIFs), strain energy release
rate- J-integral, simulate stress field, displacement near a crack tip, and crack propagation phenomenon based on the above
theories. The calculated results were compared with the results in other scientific papers and experimental results. This research
used ANSYS program, an Experimental method combined with FEM based on the above energy theories to simulate J-integral,
the SIFs and crack propagation. The errors of SIFs of a functionally-graded material (FGM)rectangular plate has a Internal Crack
of 0.33% for Kj, 0.43% for Kjy;, the J-integral of 1.62% and crack propagation anglef.of 0.15%. The FEM gave good errors
compared to Experimental and Exactly methods.

Keywords: SIFs; FEM; FGM; J-Integral; Theory of minimum strain energy density; Theory of maximum energy release; Theory of
maximum tangential normal stress.

1. Introduction

Functionally-graded material (FGM) is a new generation
composite, which is applied in aeronautical engineering
(engineering fuselage), in medicine (making teeth, artificial
bones), in national defense (bulletproof armor), in energy
industry (insulation panels, turbines, reactors).FGM material
is a combination of two materials in which the volume ratio of
each component changes smoothly and continuously [1].

In recent years, FEM is a numerical method that is widely
used in mechanics to predict and model the mechanical
behavior of structural materials. The FEM has emerged as an
effective technique for analyzing crack problems. It is
increasingly being used as a viable method in crack modeling
that develops under the assumption of linear elastic fracture
mechanics [2].

The SIF is an extremely important parameter in crack
mechanics, indicating a degree of stress concentration at a
crack tip. In three-dimensional space, the SIFsK;, K;;, Ky,
characterize the three independent displacements of a crack,
including mode I, mode II, mode III. When predicting a
propagation direction of two-dimensional cracks, the three
energy methods Gggmax> Smin> Gmax @ll use two important
parameters, K;, K;;, to calculate the bending angle of the
crack.

This paper will present the theories based on these methods
and some simple propagation crack models referenced from
other references. We use ANSYS software based on above
three energy theories to calculate SIFs, strain energy release
rate- J-integral, crack propagation angle 6, of an FGM
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rectangular isotropic plate having a Through- thickness Center
Crack and a Internal Crack. These mechanisms was also
employed to check Experimental, the Exactly methods with
calculated J-integral, SIFs and crack propagation phenomenon
of a FGM rectangular isotropic plate.

2. Methods

2.1. The theory of maximum tangential normal stress
O 9omax

The mixed expressions of a elastic stress field around a
crack tip when expressed in polar coordinates are as follows

[3]:

1 0 20\, 3, .
O = 5=C0S3 [KI (1 + sin? E) + 2Ky sind —
o
2K, tan?] (1)
1 ) 0 3,
Opo = 5=C0S3 [K,cos2 -= EK,,sm@] )

Org = 2\/%Wcosg[K,sinH + K;;(3cosf — 1)] (3)
In which, K;, K;; are the two SIFs that characterize two
independent displacement forms of the crack, which are mode
I and mode II.

Theory of maximum tangential normal stress Oggpqa, first
order for materials confirms that a crack will develop in the
direction perpendicular to the theory of maximum tangential
normal stress. This theory was proposed by Sih and Erdogan
in 1963 [3] (see Fig. 1).

y

Crack tip

Figure 1. Maximum tangential normal stress in polar coordinate
system.

Derive equation (2) in terms of the variable 8 and assign it
to 0.

dggg _
o =0 4)

After rearranging and setting 6 = Af,, equation (2) will
have the following form:
K, —sinAg@,
7,_ 3cosAl, —1 )

Solving equation (5) according to the variable Af., we will
calculate the bending angle of the crack.

According to the reference from the reference [4], based on
the theory of maximum tangential normal stress, the bending
angle of the crack can also be calculated from the following

formula:
A6 —arccosFK’z’ Al VK? +8K’2K’2’1
(6)

K} +9K;

In addition, the bending angle of the crack can also be
calculated according to the reference formula from the
reference [4] as follows:

A6, =2arctan _ KK
" 1+\1+8(K, / K, ) ™
According to formula (7), if K; =0 then A6, =0

(purely opening form (mode I only)). If K;; > 0, then the
crack angle A6, < 0.1If K;; < 0, then crack angle A6, > 0.

2.2. The theory of minimum strain energy density S,in

This theory was proposed by Sih in 1974 [5]. Sih developed
the formula for calculating a strain energy density S
according to stress intensity factors K;, K;; as follows:

2 2
S=a,K; +2a,K,K, +a,K,

(8)

with
a;; = ﬁ [(1 4 cosB)(k — cosh)] )
Ay = ﬁsin@[ZcosH —(k=1)] (10)

Ay = ﬁ [(k + 1)(1 — cos®) + (1 + cos8) (3cosd — 1)](11)

where E is elastic modulus, v is Poisson's ratio; shear
3-v
module  _ ; k =— for plane stress; k = 3 — 4v
= 1+v
for plane ‘stradfl +v)
A crack will grow in a direction 6 =A@, where the strain
energy density is minimal.

45 _ and ﬁ>0

de de’ (12)
The crack starts to propagate when the strain energy
density reaches its maximum value S = S,
According to the reference from the document [6], the
maximum value S, is calculated according to the following
formula:

S, =(1-2v)(1+v)Ky. /2E (13)

where Kj is the critical SIF.
2.3. Theory of maximum energy release G,

This theory is based on the calculation of Hussain in 1974
[7]. These are the SIFs K;(0) and K;;(@) of an initial major
crack with a bending part with a very small angle @ at the tip,
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calculated based on the SIFs K; and K;; of normal cracks
(see Fig. 2).

K, (9)=g(9)(1<, cos0+%K,, sin&j

(14)
K, (0)= g(B)(KH cosﬁfiK, sinB]
2 (15)
6/ =
4 1-6/ 7\~
0)=
g( ) [3+c0529j(1+9/7rj (16)
K; K,(8)
Ky K, (8) o8
a)Original crack b)Kinked crack

Figure 2. Initial primary crack with a bending part with angle 6.

According to Irwin's general expression [8], energy
release rate G for the initial crack with a bent part with angle
6 will be given as:

1

6(0)=+

(K7 (0)+ K5 (0))

an

with E’' = E for plane stress, E' = 1_EV2 for plane strain.
Combined with equations (14), (15), (16), equation (17)
becomes:

1

G(G):Eg'(ﬁ)[(l +3cos’ 9)1(,2 —8sin@cosOK K, +(9—5cos2 Q)Kﬂ

(18)
The propagation angle of the crack is found by
minimizing G(6).

2G(9) _,
00 (19)
And the following stability conditions must be satisfied:
76(0) _,
00° (20)

The general form of equation (18) can be abbreviated as
follows:

G(0)= é[/l] K7 (0)+ 4,K 7 (0)+24,K, (0)K, (0) ]

A, 4-3sin’ 6
4, |=g°(0)| -2sin20
A, 4+5sin* 0

2.4. Comparison between three methods of calculating crack
propagation direction

21

(22)

The following is a formula comparing the results between
the theory of maximum tangential normal stress with the
theory of maximum energy release and the theory of minimum
strain energy density as referenced from the references [9-12].
For the convenience of comparison, we put:

M= ztan" (&]
T K” (23)

In addition, this research would like to present another
comparison between the three methods of calculating a
propagation direction of the crack. This result is referenced
from the literature [13].

Rice [14] and Eshel by [15] presented a contour integral
encloses a crack front showed in Fig. 3:

J=I[Wdy—f%udsj
r ) 24
with J is the energy release rate (J/m?); W is elastic strain
energy density (J/m?®); ji is the displacement vector at ds; n
is the outward unit normal to T'; ds is a differential element
along the contour; T(du/dx)ds is input work; s is arc
length; I' is an arbitrary counterclockwise contour; T is the
tension vector (traction forces) on the body bounded by T.

Input work

Figure 3. ]-integral contours around the crack surfaces.

Rice [14] and Riveros [16] certified a path independent
concepts and found that stress energy release rate G is equal
to J-integral:

_ KP+Kf

I=6="7 25)

E
(1-v2)

where E' = E for plane stress, E' = for plane strain.

3. Result and Discussions

An FGM plate with boundary conditions and dimensions
was illustrated in Figure 4. The Poisson’s ratio was determined
tobe v = 0.25,a=05cm, H=10 cm, W =2 cm, 0 =
10°N/m?, and Young modulus E varied exponentially from
left to right. Plane strain state was assumed.

E(x)=Ee” 26)

where E,=10*Paand 4=3.
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Figure 4. An Internal Crack model
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Experimental tests were conducted on a specimen with H Table 1. Comparison of the maximum displacement and strain between
= 10cm, W = 2cm, a = 0.5 cm, and thickness t = 0.5 Experimental method and FEM
cm which could be manufactured by the 3D printing. The Displacement Strain
material of specimen was nylon ABS with Poisson's ratio
v =0.25. The test samples were according to the ASTM E399 y(mm) €y(mm/mm)
standard. A specimen was tested with different forces and FEM 0.15638 0.0015978
speeds on an LF2373 Friction Tester machine. The specimen Experimental 1 0.16023 0.0016023
was tested with speeds vi (vi = 3 mm/min) for case 1; speeds .
v2(v2 = 4 mm/min) for case 2. The load was applied F =100 Experiment 2 0.14861 00014561
N for two cases (because value F = g /A, with A = Wt is Error 1(%) 1.78 0.57
the area of the specimen). A picture of Experimental setup is Error 2(%) 6.57 7.21

illustrated in Figure 5.

The displacement u,, are illustrated in Figure 6—by
FEM with dimensions H = 10 cm, a = 0.5 cm, and W =
2 cm (see model Figure 4). Maximum displacements by the
FEM Max(u,) = 0.15638 (mm), by the Experiment for case
1 Max(u,) = 0.16023 (mm), and % Error = 1.78%; case 2
Max(u,) = 0.14861(mm), and % Error = 6.57% are as
shown in Figure 6, Figure7 and Table 1. Figure 7 shows the
curves stress- displacement of FEM and in two experiments,
we see the stress Max(oy,,) =1 Mpa (or 10°N/m?) and three
curses lie almost the same. Results illustrate that FEM is a
reliable method when compared to Experimental method.

Results strain &, are illustrated in Figure 8—by FEM with
the dimensions H = 10 cm, a = 0.5 cm, and W = 2 cm
are similar to those of the model (Figure 4). The maximum
strain by the FEM Max(g,) = 0.0015978 (mm/mm), by the
Experiment for case 1 Max(g,) = 0.0016023 (mm/mm), and %
Error = 0.57%; for case 2 Max(g,) = 0.0014861 (mm/mm),
and % Error = 7.21% (Figure 8, Figure 9 and Table 1).
Figure 9 shows the stress-strain curves of FEM and in two
experiments, we see the stress Max(ay,) =1 Mpa (or 10°N/m?)
and three curses lie almost the same. Results illustrate that

FEM is a reliable method when compared Experimental
method Figure 5. The experimental setup.

EETTL

Results of delamination propagation y are illustrated in
Figure 10—by FEM, and two case experiments. The
maximum delamination propagation by the FEM Max(e,) =
0.1585 (mm), by the Experiment for case 1 Max(y) = 0.1602
(mm), and % Error = 1.06%%; for case 2 Max(y) = 0.1516
(mm), and % Error = 4.55%. Fig. 10 shows the curves of
load-delamination propagation of FEM, and in two
experiments, we see the load Max(F) =100 N (F = 10°
N/m?/(2x0.5x10)m?) and three curves lie on the same.
Results illustrate that FEM is a reliable method.

Results of the FEM and two cases experiments show that the
extension of crack length Aa of a FGM plate are illustrated
in Figure 11. Maximum extension of crack length by the FEM
at the time t =15(s) was Max(Aa) = 0.7116 (mm), by the
Experiment for case 1 Max(Aa) = 0.7174 (mm), and % Error
= 0.81%; for case 2 Max(Aa) = 0.7216 (mm), and % Error
= 1.39%. Figure 11 shows the curves Extension of crack
length - time of FEM, and in two experiments; the three curves
lie the same. The results show that the FEM is a reliable
method when compared to the Experimental method.

Figure 6. The results of displacement w,,
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Figure 7. Comparison of modeling of displacement w,, of Experimental
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FEM
Experiment 1
Experiment 2

o
o
L

T

Stress (MPa)
o
S
1
T

o
ba
|

T

-
0'0 -E 2 T T T T T T T T -
0.0000 0.0002 0.0004 0.0006 0.0008 00010 0.0012 0.0014 0.0016 0.00

Strain (mm/mm)

]

Figure 9. Comparison of modeling of strain &, of Experimental results and

FEM

T T T T T T T T
-~ FEM |
Experiment 1
- Experiment 2| 5
80 i -
60 o i
z
3 .
S 40 ) £
-
20 e :
0 B : . T T X
00b 002 004 006 006 0.1b 012 013 016 018

Delamination propagation (mm)

Figure 10. Comparison of delamination propagation'y of Experimental

results and FEM
. . . . ) . )
-~ FEM A
- Experiment 1 oy

_0s4| - Experiment 2 X 5
£ v
£ e
5 »
=3 e
5044 ' -
— Ky
- -
= o
G -
c 0.2 al -
S -
2 Iz
e ”
£ »
w = g

00" -

0 2" 4’ X 8 10 127 14 18
Time (s)

Figure 11. Comparison of extension of crack length Aa of FEM and
experimental results

Results of SIF analysis are Ref[11] (with this model:
W= 2cm, 0 =10°N/m?, a = 0.5cm, B = 60°)as follows:

K, =o\ra sinZlB 0.3682 MPavmm (27)

K, =c~rasin fcosp= 1.1506 MPaymm (28)
From equation (25), we got:

5 __E_=1009.0817 Pa (29)
(=)
K?+K?

J=="-" = 0.0014 mJ/mm?> (30)

Table 2.Comparison of SIFs K, K;; between Exactly method and FEM

SIFs K Ky
Exactly 0.36820 1.1506
(MPa./mm)
FEM (MPa./mm) 0.36698 1.1501
Error (%) 0.33 0.43

The SIFs K; areillustrated in Figure 12. SIFs K; by the
FEM K;= 0.36698 MPa./mm), by the Exactly method
K; = 0.3682 (Mpa. vmm ), and % Error K; by FEM
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compared to Exactly method: Errorggy =1.33% (Table 2).
Figure 13 compares the curves SIFs versus crack length of
FEM, exactly method and other reference results; the six

curves lie the same. Results illustrate FEM is a reliable method.

Table 3. Comparison of J-integral between FEM and Exactly method

Exactly (mJ/mm?) 0.001400
FEM (mJ/mm?) 0.001423
Error (%) 1.62

The SIFs Kj; are illustrated in Figure 14. SIFs K; by the
FEM Kj = 1.1501 (MPa.\/mm), by the Exactly method
Ky = 1.1506 (Mpa.vVmm), and % Error K; by FEM
compared to Exactly method: Errorggy, =0.43% (Table 2).
Figure 15 compares the curves SIFs versus crack length of
FEM, exactly method and other reference results; the six

curves lie the same. Results illustrate FEM is a reliable method.

The results J-integral are shown in Figure 16—by FEM and
the Exactly method (in Equation 30). J-integral by the FEM
] =0.001423 (mJ/mm?), by the Exactly method J= 0.0014
(mJ/mm?), and %Error | by the FEM compared to the Exactly
method: Error=1.62% (Table 3). Figure 17 compares the
curves J-integral versus crack length of FEM, exactly method
and other reference results; the six curves lie the same. Results
illustrate FEM is is a reliable method.

The results M€ (see Equation 23) and 6, (see Equation 7)
are shown in Figure 18—by the FEM, Exactly and reference
energy methods. M¢ by FEM M° = 0.31, by Exactly
method M€ = 0.32; %Error M¢ by FEM compared to Exact
method: Error = 3.12%; Values 6. by FEM 6. = -64.5°, by
Exactly method 6 = -64.6°; %Error 6, by FEM compared
to Exact method: Error = 0.15% (Table 4). Because values
K > 0 sovalues 6, < 0 —by theory (Equation 7). Figure 18
compares the curves 8, versus M¢ of FEM, Exactly method
and reference energy methods; the five curves lie the same.
The values M€ calculated at each step according to the three
theories are approximately equal to 1 (between 0 — 1).
Therefore, the bending angle of the crack calculated according
to the three theories at each step has nearly equal values. This
is consistent with the graph comparing the results between the
three theories that predict the propagation direction of the
crack referenced from the literatures. Therefore, the crack path
modeled according to the three theories has almost the same
form. Results illustrate FEM is a reliable method.

Table 4. Comparison of the M€ and 6, between Exactly method and FEM

Mé 0.(degree)
Exactly 0.32 -64.6
FEM 0.31 -64.5
Error (%) 3.12 0.15

.
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4. Conclusion

In this research, we use FEM to simulate the crack tip
behavior in two dimensions, and stress, displacement fields
near a crack tip could be more exactly instead compared with
experimental method. The calculation of the SIFs and J-
integral will be faster than the analytical theory when
encountering a complex crack model. Concurrently, it was
possible to relatively calculate the growth and shape of the
two-dimensional crack as it propagates under different
conditions of the model, material, and loading method.

The SIFs, J-integral and crack propagation angle of the two
cases mentioned in section 3 were calculated based on three

energy methods. The results obtained by FEM were better than
those obtained by Experimental method, when compared to
Exactly method. These findings can be introduced as a new
approach t calculate SIFs, J-integral and crack propagation
phenomenon of the FGM plate.

Further, this research presented the FEM based on above
three energy methods to calculate the SIFs, J-integral and
crack propagation phenomenon of the FGM plate based on the
reference models. These mechanisms are popular application
in industrial life and practical.
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